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Chapter I
Introdution
A desription of a large system of partiles is often sought in a derivation from
the detailed behaviour of just a few of the partiles. The present thesis deals with
the onnetion between suh mirosopi features and the nature of a olletion
of many partiles. A study of idential bosons is an obvious rst investigation of
this link, but the ideas might also be applied to fermion systems or to systems
with mixed symmetry. The relatively well-known, exible properties of old
alkali gases have presented questions whih might be addressed by a study of
few-body orrelations. In this hapter we omment on basi features of bosoni
systems and motivate a desription of few-body orrelations within a many-
partile system.
∗
1.1 Bosons
All partiles an be lassied as either bosons or fermions. The distintion is
important when idential partiles approah eah other. Eletrons, nuleons,
and quarks are fermions and obey the Fermi-Dira statistis, while fore ar-
riers like photons and gluons are bosons and obey the Bose-Einstein statistis.
Atomi nulei, atoms, and moleules obey one of the statistis depending on
the number of ontained fermions. In this thesis we as far as possible onsider
bosons generally, but often relate to bosoni neutral atoms with an even number
of neutrons, in partiular alkali atoms like
87
Rb or
23
Na. Although bosons are
the main objets, we will a ouple of times onsider extensions of the methods
to deal with fermions.
At most one fermion an oupy the same quantum state, whereas bosons
are not restrited. An example is Bose-Einstein ondensation of a vast number
of bosons in the same single-partile state, whih was experimentally ahieved
in 1995 by ooling dilute alkali gases [AEM
+
95, BSTH95, DMA
+
95℄.
A mean eld is the basis for the desription of dilute alkali gases by the Gross-
Pitaevskii equation [EB95, BP96℄. In mean-eld self-onsistent theories [BJ83℄
∗
The use of we refers to the author with the reader's partiipation.
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the inuene from interations is inluded as an average, hene the name mean
eld. Suh a desription is reasonable when the interation between partiles is
so weak that eah partile only feels the other partiles as an average bakground
loud in whih they move. The rigorous riterion is that the mean free path is
long ompared to the spatial extension of the system. Reviews of theoretial
developments before and after the experimental realization of Bose-Einstein
ondensation are given in the referenes [DGPS99, PS02, PS03℄.
At strong interation or large densities eah partile might interat strongly
with one or a few of the other partiles. The partiles then adapt to the loal
environment, but still feel the (weaker) mean-eld inuene from the remaining
partiles. This ompetition between the bakground and the loal surroundings
is important when we formulate the theory in hapter 2.
When the attration is too large, for example when ondensates ollapse
[SSH98, SGWH99, DCC
+
01, RCC
+
01℄, orrelations beyond the mean eld are
ruial. Desriptions based on the mean-eld Gross-Pitaevskii equation [Adh02b,
US03℄ an aount for this ollapse, but avoid diret relations to underlying mi-
rosopi proesses.
Some methods go beyond the mean eld, but still avoid the expliit inlusion
of orrelations. An example is the Skyrme-Hartree-Fok method with density-
dependent interations [SJ87℄. Related are low-density expansions of the total
energy for a many-boson system [LY57, BHM02℄.
For large densities partile enounters are more frequent and at least two-
body orrelations need to be expliitly inluded. This annot be done diretly on
top of the usual mean eld with a two-body ontat interation, i.e. of zero range,
whih would lead to a wave funtion with zero separation and diverging energy
[FJ01a℄. On the other hand, the use of realisti potentials in self-onsistent
mean-eld alulations leads to disastrous results beause the Hilbert spae does
not inlude orrelations as needed to desribe both the short- and long-range
asymptoti behaviour [EG99℄.
An expliit inlusion of orrelations is done by the Jastrow method [Jas55℄
where the many-body wave funtion is written as a produt of two-body am-
plitudes instead of one-body amplitudes. With a few assumptions about the
asymptoti behaviour of the amplitudes, this results in variational numerial
proedures that an be arried through for many-boson systems also for large
densities [MM01, CHM
+
02℄.
1.2 Two-body properties
A study of the properties of a many-partile system requires understanding of
the two-body problem. The interation between neutral atoms is repulsive at
short distanes and attrative at large distanes. There may for alkali atoms
be a large number of bound two-body states that are sensitive to the details
of the interation. However, when two atoms approah eah other slowly from
afar, their enounter an be desribed in a universal way irrespetive of the
short-distane details of the interation. The determining parameter is then the
1.3. Few-body physis 3
sattering length. This is innitely large in the presene of a two-body bound
state with vanishing energy. Then the two partiles orrelate in all spae, whih
is the opposite limit than assumed by a mean eld where no orrelations are
allowed.
At a Feshbah resonane, when the energy in a sattering hannel oinides
with the energy of a bound state in another hannel [PS02℄, the sattering
length diverges in the same way as when a two-body bound state ours. In
reent years suh a Feshbah resonane has been investigated for both sodium
[IAS
+
98, SIA
+
99℄ and rubidium gases [RCB
+
98, RBC
+
01℄. For
85
Rb atoms
an external magneti eld an slightly hange the eetive two-body potential
urves, whih have resulted in a tool for tuning the two-body sattering length
[CCR
+
00℄.
Mean-eld studies of dilute boson systems often inlude a two-body ontat
interation with a oupling strength given by the sattering length. At large
densities this beomes a problem sine the interation energy for the bosons
then diverges. It is also diult to handle large sattering lengths lose to a
Feshbah resonane. The alternative use of a boundary ondition given by the
sattering length at zero separation between the bosons allows larger density
and sattering length [FJ01b℄.
Ultimately, the best desription of the physis properties ould be obtained
by using realisti potentials whih besides the orret large-distane two-body
behaviour also inorporate high-energy features and the orret nature of bound
states. However, this is espeially diult when the two-body system ontains
innumerable bound states, as is the ase for the alkali atoms in experiments.
Furthermore, if the goal is a desription of the low-energy two-body properties
within the many-body system, it would be an investment of too muh eort
in the wrong plae. A more rewarding method is to use a simpler nite-range
potential with the orret sattering length, for instane a linear ombination
of Gaussian potentials [BG01℄. Considerations about the two-body interation
return in hapters 3 and 5.
1.3 Few-body physis
A system with only a few partiles an be desribed aurately without rude as-
sumptions. The related methods an provide insight into ompliated problems,
for instane how two or three partiles approah eah other within a many-body
system. If the spatial extension of the system is large, an enounter of two parti-
les an be onsidered as a pure two-body proess with an average bakground
inuene from the other partiles. Alternatively, it might be onsidered as a
three-body proess, the third body being the olletion of the other partiles.
In smaller systems three partiles approah eah other more frequently, whih
then demands a desription of a true three-body proess. Faddeev [Fad60℄
wrote a wave funtion as a sum of terms that aount for pairwise enounters,
whih by Yakubovski [Yak67℄ was extended to aount for the right behaviour
of three-body lusters, four-body lusters, and so on. Within eah luster it is
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then possible to treat the degrees of freedom rather aurately, while keeping in
mind that the present olletion of partiles moves relative to the partiles out-
side the luster. The art of these Faddeev-Yakubovski tehniques is to make the
proper assumption about the dominating struture of the many-body system;
otherwise little is aomplished and the alulations turn out as ompliated as
for some methods based on a Jastrow ansatz.
Speially for bosons, but implemented in nulear physis, an approah
with inlusion of two-body orrelations was worked out by de la Ripelle et
al. [dlR84, dlRFS88℄. This approah is equivalent to the Faddeev-like equations
to be desribed in hapter 2. The result is an eigenvalue equation in only one
variable. Barnea [Bar99b℄ proposed the inlusion of higher-order orrelations in
a method whih reminded of the Yakubovski tehnique.
The hyperspherial adiabati method, whih was formulated for a study of
the helium atom by Maek [Ma68℄, separates the desription of the three-body
system into a ommon length sale, i.e. the hyperradius, and an additional
hyperangle. The extension of this method is now frequently used in atomi
physis for desriptions of many-eletron systems [Lin95℄.
After the experimental realization of Bose-Einstein ondensation, most de-
sriptions of this phenomenon were based on the mean-eld Gross-Pitaevskii
equation. However, Bohn et al. [BEG98℄ introdued a hyperspherial method
to study the eet of interations within the many-boson system. This hyper-
spherial method was simplied by the inlusion of a ontat interation and the
assumption that the only dependene is on the average distane from the entre
of mass, i.e. no orrelations were allowed, whih reminds of a mean eld. An
advantage of the hyperspherial method is that it provides an eetive potential
in a linear eigenvalue equation, in ontrast to the non-linear nature of the Gross-
Pitaevskii equation. In a related study Blume and Greene [BG02℄ alulated the
properties of three bosons in an external trap with no assumptions about the
struture of the wave funtion, and thus onrmed some of the behaviours of
the eetive potentials in the hyperspherial model for the many-boson system.
The detailed study of three partiles provides an important rst step in
the formulation of a theory for lusterizations within a many-body system.
The Faddeev-formalism is often applied within the hyperspherial adiabati
approximation when the emphasis is on the asymptoti two-body properties
[JGF97, NFJG01℄. The threshold phenomenon of innitely many bound three-
body states in the ase of a two-body bound state with zero energy [E70℄ an be
desribed by just the inlusion of two-body orrelations [FJ93℄. This antiipates
that a generalization of the method to a many-boson system might desribe the
ase of large sattering length where non-orrelated models beome inadequate.
1.4 The thesis work
The work for this thesis started from a few-body desription of two-body or-
relations within a many-body system, and it has been entred on solving the
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many-boson problem in a hyperspherial frame. Central questions are formu-
lated as follows.
What is the eet of two-body orrelations?
The outset for the thesis work was to understand how two-body orrelations
inuene the properties of a many-boson system. This work is losely related to
studies of the three-body system, see e.g. Nielsen et al. [NFJG01℄, and to the
hyperspherial investigation of the average properties of the many-boson system
by Bohn et al. [BEG98℄. The formulation of the main tehniques behind the
inlusion of suh orrelations was given in the publiations [SFJN02, SFJ02b℄.
This is olleted in hapter 2 and appendix B. The eets of two-body orre-
lations were mainly disussed in the referenes [SFJ02b, SFJ03a℄ and are here
olleted in hapters 3 and 4.
What happens lose to a resonane?
The ase of large sattering length provides for the three-body ase the Emov
phenomenon of many bound three-body states [E70, FJ93℄. The possibility of
similar threshold eets for the many-boson system was investigated during the
thesis work and the results were published in [SFJ02a℄. This is disussed mainly
in hapters 3 and 4.
Are the deviations from the mean eld trustworthy?
The relations to the mean eld and the deviations of the results were published
in [SFJ04℄, where also ranges of validity were onsidered. This is here inluded
in hapter 2 and in hapter 5.
Do two-body orrelations inuene stability?
The marosopi stability problems for a many-boson system were briey dis-
ussed in the previous publiations, but were further addressed in relation to
the observed phenomenon of marosopi ollapse [RCC
+
01, DCC
+
01℄ in the
referene [SFJ03a℄, whih also inluded a disussion of the ompetition between
three-body reombinations, marosopi tunneling, and marosopi ollapse.
Chapter 6 ollets these onsiderations.
How does the geometry inuene the system?
Deformation eets were disussed in a preprint [SFJ03b℄, whih gave stability
riteria, eetive dimensions, and eetive interations for bosons in a deformed
external eld. This disussion is ontinued in hapter 7. Sine an inlusion of
orrelations in the deformed ase is not presently implemented, this treatment
is somehow similar to a mean-eld treatment.
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1.5 Thesis outline
The struture of the thesis an be summarized as follows. Chapter 2 presents
the hyperspherial frame for studying few-body orrelations within the many-
boson system. This inludes a disussion of the struture of the wave funtion
and some omments on the mean-eld wave funtion. We present the neessary
assumptions when restriting to two-body orrelations and the main features
of the resulting equations of motion. Chapter 3 ontains a disussion of an-
alytial and numerial solutions to the hyperangular part of the Hamiltonian.
Chapter 4 ontains a disussion of the hyperradial part of the desription of
a many-boson system, as well as a disussion of Bose-Einstein ondensation in
the hyperspherial model. In hapter 5 we ompare results from the previous
hapters to the results from the mean-eld Gross-Pitaevskii equation and ranges
of validity are estimated. In hapter 6 we disuss stability riteria, approahes
to the dynamial evolution of the many-boson system, and relevant time sales.
Chapter 7 deals with the eets of a deformed external trap. Finally, hapter 8
ontains onlusions and disussions of the results.
Chapter II
Hyperspherial desription of orrelations
Hyperspherial methods are used in studies of both few-body and many-body
problems, for example in atomi physis [Ma68℄, nulear physis [JGF97℄, and
within atomi physis espeially for many-eletron systems [Lin95℄. Espeially
relevant in the present ontext is a study of a many-boson system in a hyper-
spherial frame performed by Bohn et al. [BEG98℄. A large number of degrees
of freedom are desribed in terms of one length, the hyperradius, and some
angles alled hyperangles. This reminds of the haraterization of a two-body
system by the relative two-body distane and the angular degrees of freedom.
In the hyperspherial desription, the angular degrees of freedom are usually in-
tegrated or averaged suh that the many-body system is desribed by only the
hyperradius. An eetive potential depending on the hyperradius then arries
the information about the average angular properties. This is one more anal-
ogous to the desription of the two-body problem by only the radial distane
with inlusion of the angular momentum in an eetive entrifugal potential.
In setion 2.1 we rst dene a set of oordinates appropriate for a study
of orrelations in the many-body system. The steps are similar to the ones
written by Barnea [Bar99b, Bar99a℄. For larity we formulate this in three
spatial dimensions, but it an as well be written in lower dimensions. We then
rewrite the Hamiltonian and the Shrödinger equation aording to this hoie of
oordinate system in setion 2.2. Appendix A ontains further details. As basi
input we need an anzatz for the many-body wave funtion. We disuss the basis
for assuming a Faddeev-like deomposition of the wave funtion and relate this
to other ommon approahes in setion 2.3. We also disuss possible extensions
to fermion symmetry and three-body orrelations. We are then equipped to
solve the angular equation in setion 2.4, whih is done with the inlusion of
two-body orrelations both by a Faddeev-like equation and by a variational
equation. Some details of the derivations are given in appendix B. We end the
hapter by onsidering the ompliations involved in an angular equation with
the inlusion of three-body orrelations.
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2.1 Jaobi vetors and hyperspherial oordinates
The system of N idential partiles may be desribed by N oordinate vetors ri
and momenta pi, labeling the partiles by the index i = 1, . . . , N . Here a more
suitable hoie of oordinates is the entre-of-mass oordinatesR =
∑N
i=1 ri/N ,
the N − 1 relative Jaobi vetors ηk with
ηk =
√
N − k
N − k + 1
(
rN−k+1 − 1
N − k
N−k∑
j=1
rj
)
(2.1)
and k = 1, 2, . . . , N−1, and their assoiated momenta. These Jaobi oordinates
are illustrated for the rst six partiles in gure 2.1. The notation is ηk ≡ |ηk|,
❄
✲
❄
✲❍❍❍❍❍❍❍❍❥
1
2
3
4
5
6
✉
✉
✉
✉
✉
✉
ηN−1
ηN−2
ηN−3
ηN−4
ηN−5
. . .
Figure 2.1: Jaobi vetors onneting the rst six partiles.
so ηN−1 is proportional to the distane between partiles 1 and 2, ηN−2 is
proportional to the distane between partile 3 and the entre of mass of 1 and
2, ηN−3 is proportional to the distane between partile 4 and the entre of
mass of the rst three partiles, and so on.
∗
Hyperspherial oordinates are now dened in relation to the Jaobi vetors.
One length, the hyperradius ρ, is dened by
ρ2l ≡
l∑
k=1
η2k , ρ
2 ≡ ρ2N−1 =
1
N
N∑
i<j
r2ij =
N∑
i=1
(ri −R)2 , (2.2)
where rij ≡ |ri − rj |. The last two equalities show that the hyperradius an
be interpreted either as
√
(N − 1)/2 times the root-mean-square (rms) distane
between partiles or as
√
N times the rms distane between partiles and the
entre of mass.
In three spatial dimensions, the N − 2 hyperangles αk ∈ [0, π/2] for k =
2, 3, . . . , N − 1 relate the length of the Jaobi vetors to the hyperradius via the
denition
sinαk ≡ ηk
ρk
. (2.3)
∗
Throughout the thesis normal font for a orresponding vetor denotes the length of that
vetor, i.e. ηk = |ηk |, ri = |ri|, et.
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Sine ρ1 = η1, the xed angle α1 = π/2 is superuous, but is for onveniene
often inluded in the notation. Remaining are the 2(N − 1) angles Ω(k)η =
(ϑk, ϕk), for k = 1, 2, . . . , N − 1, that dene the diretions of the N − 1 vetors
ηk, that is ϑk ∈ [0, π] and ϕk ∈ [0, 2π]. All angles are olletively denoted by
Ω ≡ {αk, ϑk, ϕk} with k = 1, 2, . . . , N − 1. In total the hyperangles Ω and the
hyperradius ρ amount to 3(N − 1) degrees of freedom and the entre-of-mass
oordinates R amount to three. These oordinates are also related by
N∑
i=1
r2i =
1
N
N∑
i<j
r2ij +
1
N
( N∑
i=1
ri
)2
= ρ2 +NR2 . (2.4)
The total volume element is
N∏
i=1
dri = N
3/2dR
N−1∏
k=1
dηk , (2.5)
where the part depending on relative oordinates is
∏N−1
k=1 dηk.
†
In hypersphe-
rial oordinates this relative part beomes
N−1∏
k=1
dηk = dρρ
3N−4 dΩN−1 , (2.6)
dΩk = dΩ
(k)
α dΩ
(k)
η dΩk−1 , dΩ1 = dΩ
(1)
η , (2.7)
dΩ(k)α = dαk sin
2 αk cos
3k−4 αk , dΩ(k)η = dϑk sinϑkdϕk , (2.8)
where dΩ
(k)
η is the familiar angular volume element in spherial oordinates.
Sine the angle αN−1 is related diretly to the two-body distane r12 by sinαN−1
= ηN−1/ρN−1 = r12/(
√
2ρ), the volume element in equation (2.8) related to this
angle is espeially important, that is dΩ
(N−1)
α = dαN−1 sin2 αN−1 cos3N−7 αN−1.
The angular volume integrals an be omputed to∫
dΩ(k)α =
√
πΓ[3(k − 1)/2]
4Γ(3k/2)
,
∫
dΩ(k)η = 4π , (2.9)
where Γ is the gamma funtion [Spi68℄. An angular matrix element of an oper-
ator Oˆ with two arbitrary funtions Ψ and Φ is with equation (2.6) for xed ρ
then given by
〈Ψ|Oˆ|Φ〉Ω =
∫
dΩN−1 Ψ∗(ρ,Ω) Oˆ Φ(ρ,Ω) , (2.10)
whih in general is a funtion of ρ.
In this setion the many-body system is desribed by a straightforward or-
dering of partiles as {1, 2, 3, . . . , N}. Furthermore, we use the onguration
†
The notation is dri = drixdriydriz with ri = (rix, riy, riz).
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priniple that a Jaobi vetor onnets one partile with the entre of mass of
some other partiles. Both the ordering of partiles and the reursive ong-
urations have to be done dierently when we later evaluate matrix elements.
However, the present formulation of the basi equations is independent of suh
onsiderations and therefore the simplest struture is presented.
2.2 Shrödinger equation for N idential partiles
With the preeding hoie of oordinates we obtain the Hamiltonian and next
rewrite the Shrödinger equation by an adiabati expansion, whih was rst
used in a study of a helium atom [Ma68℄.
2.2.1 Hamiltonian in hyperspherial oordinates
We onsider N idential partiles of mass m interating only through two-body
potentials Vij = V (rij). We do not onsider eets due to spin, and thus omit
expliit spin dependene throughout this thesis.
An external trapping eld V
trap
onnes all partiles to a limited region of
spae. This is written expliitly as an isotropi harmoni-osillator potential of
angular frequeny ω, i.e. for partile i it is given by V
trap
(ri) = mω
2r2i /2. This
onning eld is relevant for studying trapped atomi gases, but an later be
omitted from the general results by putting ω = 0. The total Hamiltonian is
here given by
Hˆ
total
=
N∑
i=1
(
pˆ
2
i
2m
+
1
2
mω2r2i
)
+
N∑
i<j
V (rij) , (2.11)
whih with equation (2.4) is separable into a part only involving the entre-of-
mass oordinates and a part only involving relative oordinates. The entre-of-
mass Hamiltonian is
HˆR ≡ Pˆ
2
R
2M
+
1
2
Mω2R2 , (2.12)
where PR ≡
∑N
i=1 pi is the total momentum and M = Nm is the total mass of
the system. We subtrat this from the total Hamiltonian and get
Hˆ ≡ Hˆ
total
− HˆR (2.13)
=
N∑
i=1
pˆ
2
i
2m
− Pˆ
2
R
2M
+
N∑
i=1
1
2
mω2r2i −
1
2
Mω2R2 +
N∑
i<j
Vij .
Using equation (2.4) we an write this as
Hˆ = Tˆ +
1
2
mω2ρ2 +
N∑
i<j
Vij , Tˆ ≡
N∑
i=1
pˆ
2
i
2m
− Pˆ
2
R
2M
. (2.14)
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Here Tˆ is the intrinsi kineti-energy operator whih in hyperspherial oordi-
nates an be rewritten as
Tˆ = − ~
2
2m
(
1
ρ3N−4
∂
∂ρ
ρ3N−4
∂
∂ρ
− Λˆ
2
N−1
ρ2
)
. (2.15)
The dimensionless angular kineti-energy operator Λˆ2N−1 is reursively dened
by
Λˆ2k = Πˆ
2
k +
Λˆ2k−1
cos2 αk
+
lˆ
2
k
sin2 αk
, Λˆ21 = lˆ
2
1 , (2.16)
Πˆ2k = −
∂2
∂α2k
+
3k − 6− (3k − 2) cos 2αk
sin 2αk
∂
∂αk
, (2.17)
where ~lˆk is the angular-momentum operator assoiated with ηk. Thus, the an-
gular kineti-energy operator is a sum of derivatives with respet to the various
hyperspherial angles. Convenient transformations to avoid rst derivatives in
equations (2.15) and (2.17) are
−2m
~2
Tˆρ ≡ ρ−(3N−4) ∂
∂ρ
ρ3N−4
∂
∂ρ
(2.18)
= ρ−(3N−4)/2
[
∂2
∂ρ2
− (3N − 4)(3N − 6)
4ρ2
]
ρ(3N−4)/2 ,
Πˆ2k = sin
−1 αk cos−(3k−4)/2 αk
[
− ∂
2
∂α2k
− 9k − 10
2
+ (2.19)
(3k − 4)(3k − 6)
4
tan2 αk
]
sinαk cos
(3k−4)/2 αk .
The Hamiltonian Hˆ an now be olleted as
Hˆ = Tˆρ +
1
2
mω2ρ2 +
~
2
2mρ2
hˆΩ , (2.20)
hˆΩ ≡ Λˆ2N−1 +
N∑
i<j
vij , vij =
2mρ2
~2
Vij , (2.21)
where Tˆρ is the radial kineti-energy operator, hˆΩ is a dimensionless angular
Hamiltonian, and vij is a dimensionless potential. Thus, the intrinsi Hamilton-
ian Hˆ ontains a part whih only depends on ρ and a part hˆΩ whih depends
on Ω and on ρ through the two-body potentials vij .
2.2.2 Adiabati expansion and equations of motion
Sine the total Hamiltonian is given as Hˆ
total
= HˆR+Hˆ, the total wave funtion
for the N -partile system an be written as a produt of a funtion Υ depending
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only on R and a funtion Ψ depending on ρ and the 3N − 4 angular degrees of
freedom olleted in Ω, i.e.
Ψ
total
= Υ(R)Ψ(ρ,Ω) . (2.22)
The entre-of-mass motion for the total mass M = Nm is determined by
HˆRΥ(R) = ERΥ(R) . (2.23)
From equation (2.12) the orresponding energy spetrum is obtained as that of
a harmoni osillator, that is ER,n = ~ω(2n+ 3/2) with n = 0, 1, 2, . . ..
The relative wave funtion Ψ(ρ,Ω) obeys the stationary Shrödinger equa-
tion
HˆΨ(ρ,Ω) = EΨ(ρ,Ω) , (2.24)
where E is the energy in the entre-of-mass system. This is solved in two steps.
First, for a xed value of the hyperradius ρ we solve the angular eigenvalue
equation
(hˆΩ − λν)Φν(ρ,Ω) = 0 . (2.25)
The angular eigenvalue λν(ρ) depends on ρ. Seond, the olletion of angular
eigenfuntions Φν(ρ,Ω) is used as a omplete set of basis funtions in an expan-
sion of the relative wave funtion. This is for eah value of the hyperradius ρ
written as
Ψ(ρ,Ω) =
∞∑
ν=0
Fν(ρ)Φν(ρ,Ω) , Fν(ρ) = ρ
−(3N−4)/2fν(ρ) , (2.26)
where the fator ρ−(3N−4)/2 is introdued to eliminate rst derivatives in ρ,
see equation (2.18). The expansion oeients for xed ρ, fν or Fν , are then
onsidered as hyperradial wave funtions.
In analogy to the tehnique for N = 3 [JGF97℄, equation (2.26) is inserted in
equation (2.24), equations (2.20) and (2.25) are used, and the resulting equation
is projeted onto an angular eigenfuntion Φν . The result is a set of radial
equations[
− d
2
dρ2
− 2mE
~2
+
λν(ρ)
ρ2
+
(3N − 4)(3N − 6)
4ρ2
+
ρ2
b4
t
−Q(2)νν (ρ)
]
fν(ρ)
=
∑
ν′ 6=ν
[
2Q
(1)
νν′(ρ)
d
dρ
+Q
(2)
νν′(ρ)
]
fν′(ρ) , (2.27)
that ouple the dierent angular hannels. Here b
t
is the trap length given by
b
t
≡√~/(mω), and the oupling terms Q(i)νν′ are dened as
Q
(i)
νν′(ρ) ≡
〈
Φν(ρ,Ω)
∣∣( ∂
∂ρ
)i∣∣Φν′(ρ,Ω)〉Ω〈
Φν(ρ,Ω)
∣∣Φν(ρ,Ω)〉Ω . (2.28)
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A speial result is Q
(1)
νν = 0 [NFJG01℄. The angular eigenvalues λν enter these
oupled equations as a part of a radial potential. The total radial potential
Uν(ρ), entering on the left hand side of equation (2.27), is:
2mUν(ρ)
~2
≡ λν(ρ)
ρ2
+
(3N − 4)(3N − 6)
4ρ2
+
ρ2
b4
t
−Q(2)νν (ρ) . (2.29)
This inludes a ρ2-term due to the external harmoni eld, a ρ−2 entrifugal
barrier-term due to the transformation of the radial kineti-energy operator, the
angular potential λν , and the diagonal term Q
(2)
νν .
The expansion in equation (2.26) is alled the hyperspherial adiabati ex-
pansion. Its eieny relies on small oupling terms Q
(i)
νν′ whih then requires
inlusion of fewer hannels ν. In the following investigations of the dilute boson
system, the non-diagonal terms are often found to be smaller than 1% of the
diagonal terms. Without these ouplings the right-hand side of equation (2.27)
vanishes, and the equation simplies signiantly to[
− ~
2
2m
d2
dρ2
+ Uν(ρ)− E
]
fν(ρ) = 0 . (2.30)
In this thesis small ouplings are generally assumed and only results of this
non-oupled treatment are shown.
Thus, the entre-of-mass motion is separated out and the hyperspherial
adiabati method turns out to be promising for a suiently dilute system due
to small oupling terms. The remaining problem is the determination of the
angular potential λ from the angular eigenvalue equation.
2.3 Wave funtion for idential partiles
So far no spei strutures are assumed. The allowed Hilbert spae for the
many-body wave funtion in priniple inludes any struture of the system.
However, at this point an ansatz for or approximation of the angular wave
funtion Φν(ρ,Ω) is neessary.
The Hartree wave funtion with a produt of single-partile amplitudes
[BJ83℄ is the basis for mean-eld treatments of many-partile systems. In
ontrast, Faddeev-Yakubovski formulations [Fad60, Yak67℄ ontain additive
deompositions of the wave funtion whih expliitly reet the possible asymp-
toti large-distane behaviours of luster subsystems. A dierent starting point
is the Jastrow fatorization into produts of two-body amplitudes [Jas55℄. The
Jastrow form is more eient for large densities, while Faddeev-Yakubovski
methods are more suessful for smaller densities where the system separates
into smaller lusters.
In the present hyperspherial formulation, the angular wave funtion an be
written as a general expansion in the full angular spae and subsequently be re-
dued to yield a pratial wave funtion. The result of suh onsiderations is an
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ansatz whih is well suited for the low densities enountered for Bose-Einstein
ondensates. Two-body orrelations are expeted to be most important. Pos-
sible extensions of the method to inlude three-body orrelations or fermion
antisymmetry are briey disussed.
2.3.1 Hartree: single-partile produt
The Hartree ansatz with a produt of single-partile amplitudes [BJ83℄ is
Ψ
H
(r1, r2, . . . , rN ) =
N∏
i=1
ψ
H
(ri) . (2.31)
For the ground state of non-interating bosons trapped by the spherially sym-
metri external eld of trap length b
t
, the amplitudes are given by
ψ
H
(ri) = Ce
−r2i /(2b2
t
) , C−1 = π3/4b3/2
t
. (2.32)
With the relation
∑N
i=1 r
2
i = ρ
2 +NR2 this is rewritten as
Ψ
H
(r1, r2, . . . , rN ) = C
N exp
(
−
N∑
i=1
r2i
2b2
t
)
= CNe−ρ
2/(2b2
t
)e−NR
2/(2b2
t
) = Υ0(R)F0(ρ)Φ0 , (2.33)
whih turns out as a produt similar to equations (2.22) and (2.26). The separa-
tion of the entre-of-mass motion assures that the ground-state entre-of-mass
funtion always is Υ0(R) = CN
3/4 exp[−NR2/(2b2
t
)]. Then equation (2.33) is a
produt of the ground-state wave funtion for the motion of the entre-of-mass
in a trap and the lowest hyperspherial wave funtion F0Φ0 in equation (2.26),
where F0(ρ) ∝ exp[−ρ2/(2b2
t
)] and the angular part Φ0 is a onstant. This
implies equivalene between a Hartree-Gaussian wave funtion and lak of de-
pendene on the hyperangles Ω.
The interations produe orrelations in suh a way that the hyperspherial
wave funtion Ψ deviates from a hyperradial Gaussian multiplied by a onstant
hyperangular part. Therefore the Hartree produt wave funtion is stritly not
exat. However, a measure an be obtained by alulating the single-partile
density n from the obtained funtion Ψ, that is
n(r1) =
∫
dr2dr3 · · · drN |Υ0(R)Ψ(ρ,Ω)|2 . (2.34)
This an then be ompared with the Hartree analogue |ψ
H
(r1)|2. When the
numerial hyperspherial solution is inserted, the 3(N − 1)-dimensional integral
in equation (2.34) is rather ompliated. In order to get an idea of the possible
relations, we instead assume a onstant angular part Φ0. Then the hyperradial
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density distribution is expanded on Gaussian amplitudes with dierent length
parameters aj
|F (ρ)|2 =
∑
j
cj
2
Γ
(
3N−3
2
)
a3N−3j
e−ρ
2/a2j , (2.35)
where
∑
j cj = 1 assures that F (ρ) is properly normalized as
∫∞
0
dρρ3N−4|F (ρ)|2
= 1. This yields the single-partile density
n(r1) =
∑
j
cj
1
π3/2B3j
e−r
2
1/B
2
j , B2j ≡
(N − 1)a2j + b2t
N
, (2.36)
whih is equivalent to 〈r21〉 =
∫
dr1 n(r1)r
2
1 sine
〈r21〉 =
1
N
〈ρ2〉+ 〈R2〉 = 3
2
(
1− 1
N
)∑
j
cja
2
j +
3
2
1
N
b2
t
(2.37)
and ∫
dr1 n(r1)r
2
1 =
3
2
∑
j
cjB
2
j
=
3
2
(
1− 1
N
)∑
j
cja
2
j +
3
2
1
N
b2
t
∑
j
cj = 〈r21〉 . (2.38)
The mean-square distane between the partiles is then obtained by the relation
〈r212〉 =
2N
N − 1
(
〈r21〉 − 〈R2〉
)
=
2N
N − 1
(
〈r21〉 −
1
N
3
2
b2
t
)
. (2.39)
These relations are derived and valid only for Gaussian wave funtions. How-
ever, the true Hartree solution is not stritly a Gaussian although suh an ap-
proximation rather eiently desribes the dilute boson system [PS02℄. The
above results relate a Hartree density distribution to a similar hyperradial dis-
tribution provided that the angular wave funtion is assumed to be a onstant
whih orresponds to an unorrelated struture.
2.3.2 Faddeev-Yakubovski: luster expansion
The eet of orrelations is beyond a mean eld where partiles only feel eah
other on average and do not orrelate. With the Faddeev-Yakubovski teh-
niques the proper asymptoti behaviours of the wave funtions are diretly
taken into aount [Fad60, Yak67℄. These formulations are well suited when
the large-distane asymptotis are ruial, as expeted for low-density systems.
Faddeev [Fad60℄ studied three-partile systems where one of the two-body
subsystems was bound and the other subsystems were unbound. The wave
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funtion was written as Φ = Φ12 + Φ13 + Φ23 with the three terms given by
suitable permutations of
Φ23 = φ23(r23)e
iκ1r1+iκ23R23 , (2.40)
where R23 = (m2r2 + m3r3)/(m2 + m3) is the entre of mass of the bound
subsystem and ~κ1 and ~κ23 are the momenta of partile 1 and of partile pair
2-3, respetively.
‡
This form aounts for the details of the possibly bound pair
2-3 and onsiders other eets as low-energy plane waves. A generalization of
this three-body wave funtion is
Φij = φij(rij) exp
(
i
∑
κ 6=i,j
κkrk + iκijRij
)
, Φ =
N∑
i<j
Φij . (2.41)
When all relative energies are small, that is when κij ≃ 0 and κk ≃ 0, the result
is Φij ≃ φij(rij).
A generalization to an N -partile system was formulated by Yakubovski
[Yak67℄, who arranged the partiles into possible groups of subsystems and
thereby inluded the orret large-distane asymptoti behaviour for all lus-
ter divisions. The deisive physial properties are related to the division into
lusters, whih for N = 3 amounts to three possibilities. The three Faddeev
omponents are related to the number of divisions and not the number of par-
tiles. For N > 3 the number of luster divisions is muh larger than N . For N
partiles the wave funtion is therefore written as a sum over possible lusters
Ψ
Y
=
∑
lusters
Φ
Y
(luster) . (2.42)
This method is often applied in nulear physis [CC98, FG02℄. In a dilute
system two lose-lying partiles are found more frequently than other luster
ongurations. Then the dominating terms in the luster expression in equa-
tion (2.42) are due to the two-body lusters, and the remaining partiles are
onsidered unorrelated and desribed by plane waves or as a mean-eld bak-
ground. The Yakubovski wave funtion then redues to a Faddeev-like form
similar to equation (2.41)
Ψ
Y
→ Φ(ρ,Ω) =
N∑
i<j
Φij(ρ,Ω) . (2.43)
2.3.3 Jastrow: two-body fatorization
The Jastrow variational formulation [Bij40, Din49, Jas55℄ was designed to a-
ount for orrelations in a Bose system. The Jastrow ansatz
Ψ
J
=
N∏
i<j
ψ
J
(rij) , rij ≡ rj − ri , (2.44)
‡
The omplex number
√−1 is here denoted by i.
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provides an argument for writing the wave funtion as a sum of two-body terms
in the dilute limit. The two-body Jastrow omponent an be written as a
Gaussian term, whih orresponds to mean-eld amplitudes, multiplied by a
modiation expeted to be important only at small separation, i.e.
ψ
J
(rij) = e
−r2ij/(2Nb2
t
)[1 + φ
J
(rij)] , φJ(rij) = 0 for rij > r0 . (2.45)
Beyond some length sale r0, deviations due to orrelations vanish. With equa-
tion (2.4) this leads to the relative wave funtion
Ψ
J
= e−ρ
2/(2b2
t
)
N∏
i<j
[
1 + φ
J
(rij)
]
(2.46)
= e−ρ
2/(2b2
t
)
[
1 +
N∑
i<j
φ
J
(rij) +
N∑
i<j 6=k<l
φ
J
(rij)φJ(rkl) + . . .
]
.
For a non-interating system the sums are zero and the Gaussian mean-eld
Hartree ansatz from equation (2.33) is obtained. For a suiently dilute system
it is unlikely that more than two partiles simultaneously are lose in spae, that
is when both rij < r0 and rkl < r0. Therefore the expansion in equation (2.46)
an be trunated after the rst two terms, i.e.
N∏
i<j
[
1 + φ
J
(rij)
]
≃ 1 +
N∑
i<j
φ
J
(rij) =
N∑
i<j
[
1
N(N − 1)/2 + φJ(rij)
]
. (2.47)
A redenition of the two-body amplitude results in a Faddeev-like sum as in
equation (2.43).
2.3.4 Hyperharmoni expansion of two-body omponents
The sum of two-body terms an be formally obtained as the s-wave redution
of an expansion on a properly symmetrized omplete set of basis funtions.
Appropriate are the hyperspherial harmonis Y that are eigenfuntions of the
grand angular kineti-energy operator Λˆ2N−1, equation (2.16) [Smi60℄. These
are for olletive angular momentum Lk and projetion Mk given by [Bar99a℄
Λˆ2kY{qk}[Kk,Lk,Mk] = Kk(Kk + 3k − 2)Y
{qk}
[Kk,Lk,Mk]
, (2.48)
where qk denotes the set of quantum numbers {qk} = {l1, . . . , lk, ν2, . . . , νk},
and the hyperangular momentum Kk is given by
Kk = 2νk +Kk−1 + lk , K1 = l1 . (2.49)
The expression for Y is
Y{qk}[Kk,Lk,Mk] =
[
Yl1(ϑ1, ϕ1)⊗ Yl2(ϑ2, ϕ2)⊗ · · · ⊗ Ylk(ϑk, ϕk)
]
Lk,Mk
×{
k∏
j=2
sinlj αj cos
Kj−1 αj P [lj+1/2,Kj−1+(3j−5)/2]νj (cos 2αj)
}
. (2.50)
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Here the Yl,m's are the usual spherial harmonis, Pν is the Jaobi funtion, and
the oupling of angular momenta is given by the Clebsh-Gordan oeients
through [
Yl1(ϑ1, ϕ1)⊗ Yl2(ϑ2, ϕ2)⊗ · · · ⊗ Ylk(ϑk, ϕk)
]
Lk,Mk
=[ ∑
m1,m2,...,mk
〈l1m1l2m2|L2M2〉 〈L2M2l3m3|L3M3〉 · · · ×
· · · 〈Lk−1Mk−1lkmk|LkMk〉
k∏
j=1
Ylj ,mj (ϑj , ϕj)
]
. (2.51)
Omitting dependene on αk, we also dene a redued funtion Y˜ by
Y˜{q˜k}[Kk−1,Lk,Mk] =
[
Yl1(ϑ1, ϕ1)⊗ Yl2(ϑ2, ϕ2)⊗ · · · ⊗ Ylk(ϑk, ϕk)
]
Lk,Mk
×{
k−1∏
j=2
sinlj αj cos
Kj−1 αj P [lj+1/2,Kj−1+(3j−5)/2]νj (cos 2αj)
}
, (2.52)
where {q˜k} = {l1, . . . , lk, ν2, . . . , νk−1}.
The wave funtion for eah xed value of ρ is for xed relative angular
momentum L˜ ≡ LN−1 and projetion M˜ ≡MN−1 deomposed as
Φ[L˜,M˜ ](ρ,Ω) =
N∑
i<j
Φij [L˜,M˜ ](ρ,Ω) , (2.53)
where the omponent Φij is foused on the partile pair i-j. Eah of these
omponents, for instane Φ12, an be written as the omplete expansion
Φ12 [L˜,M˜ ](ρ,Ω) =
∑
{q˜N−1}
φ
{q˜N−1}
12 [L˜,M˜ ]
(ρ, r12)Y˜{q˜N−1}[K˜,L˜,M˜ ] , (2.54)
where the sum runs over all possible quantum numbers q˜N−1. Analogies are
given in [NFJG01, Bar99a℄.
§
The number K˜ = KN−2 is used for referene to
the kineti-energy eigenvalue. No assumptions are made yet.
In order to obtain an expliitly symmetri boson wave funtion in equa-
tion (2.53), we need to rewrite equation (2.54) as
Φ12 [L˜,M˜ ](ρ,Ω) =
∑
{q˜N−1}
φ
{q˜N−1}
12 [L˜,M˜ ]
(ρ, r12)
∑
P12
Pˆ12Y˜{q˜N−1}[K˜,L˜,M˜ ] , (2.55)
where the seond sum aounts for all possible permutations Pˆ12 of partiles
apart from the pair 1-2.
§
See page 384 in [NFJG01℄ and page 1137 in [Bar99a℄.
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Zero angular momenta L˜ = M˜ = 0 is reasonable in the short-range limit.
Vanishing hyperangular quantum number K˜ = 0 for the remaining degrees
of freedom yields only zero quantum numbers {q˜N−1} = {0}, and the sum is
trunated to inlude only the term
Φ12 [0,0](ρ,Ω) = φ
{0}
12 [0,0](ρ, r12)Y˜{0}[0,0,0] . (2.56)
The remaining terms Φij 6=12 are obtained in similar ways, so the angular wave
funtion is
Φ(ρ,Ω) =
N∑
i<j
φij(ρ, rij) , (2.57)
omitting the onstant Y˜[0,0,0] and superuous indies.
2.3.5 Fermion antisymmetry
For idential fermions the total wave funtion has to be antisymmetri under
permutation of any two partiles. If the spin wave funtion is symmetri, then
the spatial wave funtion an be antisymmetrized by an extension of the method
written for bosons
Φ[L˜,M˜ ](ρ,Ω) =
N∑
i6=j
∑
Pij
(−1)p PˆijΦij [L˜,M˜ ](ρ,Ω) , (2.58)
Φ12 [L˜,M˜ ](ρ,Ω) =
∑
{q˜N−1}
φ
{q˜N−1}
12 [L˜,M˜ ]
(ρ, r12)Y˜{q˜N−1}[K˜,L˜,M˜ ] . (2.59)
The seond sum of the rst line aounts for all dierent permutations Pˆij of
the N − 2 partiles apart from i and j. We assume that a spei permutation
resulted in the partiles ordered as ijkl . . .. The number p is then the total
number of permutations of two partiles needed to transform the straightforward
ordering 1234 . . . into the ordering ijkl . . ..
If no term depends on more than N−2 partiles' positions, it is not possible
to write a properly symmetrized wave funtion for a system of idential fermions
as a sum of terms. Therefore, the dependenes an not be trunated as roughly
as was done for bosons in the steps leading to equation (2.56). However, the
antisymmetri funtion with lowest possible quantum numbers might provide a
useful fermion wave funtion whih an be implemented in alulations. In this
thesis we do not disuss fermions further, but restrit ourselves to the ase of
bosons.
2.3.6 Two-boson diretion-independent orrelations
As seen in the preeding setions, a relative wave funtion of the form
Ψ(ρ,Ω) = F (ρ)
N∑
i<j
Φij(ρ,Ω) (2.60)
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inorporates both mean-eld properties through F (ρ) and orrelations beyond
the mean eld through the Faddeev-omponents Φ. We therefore deompose
the angular wave funtion Φ, equation (2.26), into the symmetri expression of
Faddeev omponents Φij for xed values of the hyperradius ρ
Φ(ρ,Ω) =
N∑
i<j
Φij(ρ,Ω) , (2.61)
where eah term Φij is a funtion of ρ and all angular oordinates Ω. Sine
eah term in itself is suient when all Ω degrees of freedom are allowed, this
deomposition is exat. At rst this ansatz seems lumsy by introduing an
overomplete basis. However, the indies i and j indiate a speial emphasis on
the partile pair i-j. The omponent Φij is expeted to arry the information
assoiated with binary orrelations of this partiular pair.
This wave funtion is a natural hoie for the trivial ase of N = 2. A
wave funtion rewritten as a sum of terms has also been suessful in three-
body omputations. The advantage is that the orret boundary onditions
are simpler to inorporate, as expressed in the original formulation by Faddeev
[Fad60℄ intended for sattering. Still, mathematially nothing is gained or lost in
this Faddeev-type of deomposition. For weakly bound and spatially extended
three-body systems, s-waves in eah of the Faddeev omponents are suient
to desribe the system [NFJG01℄. This is exeedingly pronouned for large
sattering lengths where the Emov states appear [FJ93, JGF97, NFJG01℄.
The present N -body problem is in general more ompliated. However,
for dilute systems essential similarities remain, i.e. the relative motion of two
partiles that on average are far from eah other is most likely dominated by
s-wave ontributions. Eah partile annot detet any diretional preferene
arising from higher partial waves. Implementation of these ideas in the present
ontext implies that eah amplitude Φij for a xed ρ only should depend on the
distane rij between the two partiles. Thus, we assume
Φij(ρ,Ω) ≃ φij(ρ, αij) , (2.62)
where the two-index parameter αij is dened by
sinαij ≡ rij√
2ρ
. (2.63)
These αij 's are distintively dierent from the αk's of equation (2.3).
The boson symmetry implies that the funtions φij are non-distinguishable,
so the indies are omitted. The resulting angular wave funtion is
Φ(ρ,Ω) =
N∑
i<j
φ(ρ, αij) =
N∑
i<j
φ(αij) , (2.64)
where φij(ρ, αij) = φ(ρ, αij) ≡ φ(αij) with the notational onvenient omission
of the oordinate ρ. The wave funtion in equation (2.64) is symmetri with
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respet to the interhange of two partiles, i ↔ j, sine αij = αji and sine
terms like φ(αik) + φ(αjk) always appear symmetrially.
This ansatz of only s-waves dramatially simplies the angular wave fun-
tion. The original overomplete Hilbert spae is redued suh that some angular
wave funtions an not be expressed in this remaining basis. Thus, the redu-
tion resulted in an inomplete basis, but the degrees of freedom remaining in
equation (2.64) are expeted to be those needed to desribe the features of a
dilute system.
In setion 2.3.4 the Faddeev ansatz equation (2.43) was formally established
as a generalized partial wave expansion in terms of the hyperspherial harmoni
kineti-energy eigenfuntions. The two-body s-wave simpliation then appears
as a trunation of this expansion, whih also leads to equation (2.64).
In onlusion, when the system is dilute, the Faddeev ansatz with two-body
amplitudes is expeted to aount suiently for the orrelations and at the
same time keep the mean-eld-like information about motion relative to the
remaining partiles.
2.3.7 Three-body orrelations
An extension of the inlusion of pairwise orrelations to study three-body or-
relations in denser systems is possible and ould yield insight into the proess of
three-body reombination within N -boson systems. Sine all degrees of freedom
are kept in every term, the Faddeev-like deomposition of the wave funtion an
desribe all kinds of lusterizations in a partile system. The indies ij just re-
fer to the orret asymptoti behaviour of the two-body sattering properties
between partile i and j in a given amplitude φij . A higher-order orrelated
wave funtion is in that sense inluded in the general expansion. However, for
atual appliation it does not provide any solvable method. Therefore, we pro-
eed as follows with what might be an appliable three-body expansion of the
many-body wave funtion.
A symmetri boson wave funtion with three-body amplitudes is
Φ(ρ,Ω) =
N∑
i<j
∑
k 6=i,j
φij,k , (2.65)
where φij,k depends on the distanes between the three partiles i, j, and k. In
hyperspherial oordinates the dependene, exemplied for the term φ12,3, an
be redued to be on ρ, αN−1 (≡ α12), αN−2 (≡ α12,3), and ϑN−2 (≡ ϑ12,3),
where ϑN−2 is the angle between ηN−1 and ηN−2. A general term φij,k depends
on ρ, αij , αij,k, and ϑij,k. It is written as
φij,k(ρ, αij , αij,k, ϑij,k) = φ2(ρ, αij) + φ3(ρ, αij , αij,k, ϑij,k) , (2.66)
where the term φn aounts for an n-body orrelation. This is analogous to
a proposal by Barnea [Bar99b℄. Sine the funtional dependene is the same
for all terms, the symmetry is expliitly inluded. The two-body orrelated
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method reappears with φ3 = 0 sine then φij,k → φ2 → φ(ρ, αij). However, φ3
provides the three-body orrelation on top of the two-body orrelation. Terms
with k < j are responsible for an overdetermined expansion sine three terms,
in priniple, desribe the same three-body orrelation. In the ase i < j < k
the three similar terms are φij,k, φik,j , and φjk,i. With only one term φij,k
we would have to impose other symmetry restritions on this single term suh
that φij,k = φik,j = φjk,i. With the sum φij,k + φik,j + φjk,i in the ansatz for
the wave funtion, the symmetry is expliitly built in and is independent of the
amplitude's funtional form. A simpler desription is obtained when negleting
ϑij,k in φ3, and thus yielding a term that aounts for one partile's relations
to the pair of partiles.
2.4 Angular eigenvalue equation for two-boson orrelations
Sine the eigenvalue λ from equation (2.25) arries information about the two-
body interations and kineti energy due to internal struture and as well about
possible orrelations, the tehniques and approximations used to nd λ are
espeially important.
This setion ontains the essential rewritings of the angular equation with
the ansatz from equation (2.64) for two-body orrelations. We rst present the
Faddeev-like equations and next onstrut a variational equation as an alter-
native whih is solvable under the additional assumption of short-range inter-
ations, i.e. the system must be relatively dilute. The Faddeev-like equations
were previously written in this form for a boson system by de la Ripelle et
al. [dlRFS88℄, whereas the angular variational equation aording to the au-
thor's knowledge is an original ontribution by the author and o-workers and
rst presented in [SFJN02℄. We end the setion by briey onsidering the in-
lusion of higher-order orrelations.
2.4.1 Faddeev-like equation
Insertion of the ansatz for the boson wave funtion in equation (2.64) along with
equation (2.21) into equation (2.25) yields
(
Λˆ2N−1 +
N∑
k<l
vkl − λ
) N∑
i<j
φij = 0 , (2.67)
with φij = φ(αij). Rearrangement of summations leads to
N∑
k<l
[(
Λˆ2N−1 − λ
)
φkl + vkl
N∑
i<j
φij
]
= 0 . (2.68)
For three partiles and with the assumption that eah term in the square brak-
ets separately is zero, the Faddeev equations are obtained. They have been
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applied for the three-body ase to desribe partiularly the regime of large sat-
tering length [JGF97℄. The same assumption for the N -partile system results
in the N(N − 1)/2 Faddeev-like equations
(
Λˆ2N−1 − λ
)
φkl + vkl
N∑
i<j
φij = 0 , (2.69)
whih are idential due to symmetry. A desription of the many-boson system
with suh Faddeev-like equations was previously performed by de la Ripelle et
al. [dlRFS88℄, who onentrated on systems within the realms of nulear physis.
With k = 1 and l = 2 the kineti-energy operator Λˆ2N−1 from equation (2.16)
redues to Πˆ2N−1 beause Λˆ
2
N−2φ12 = 0 and lˆ
2
N−1φ12 = 0. Sine ηN−1 =
(r2− r1)/
√
2 and ρN−1 = ρ, then equations (2.3) and (2.63) yield αN−1 = α12.
Therefore, only derivatives with respet to α12 remain, and it is onvenient to
introdue the notation Πˆ212 ≡ Πˆ2N−1.
In the sum over angular wave funtion omponents in equation (2.69), only
three dierent types of terms appear. When k = 1 and l = 2, these types are
lassied by the set {i, j} either having two, one, or zero numbers oiniding
with the set {1, 2}. Then equation (2.69) is rewritten as
0 =
[
Πˆ212 + v(α12)− λ
]
φ(α12) + (2.70)
v(α12)
[
N∑
j=3
φ(α1j) +
N∑
j=3
φ(α2j) +
N∑
3≤i<j
φ(αij)
]
,
v(αkl) =
2mρ2
~2
V
(√
2ρ sinαkl
)
, (2.71)
for a entral potential V (r). Multipliation of equation (2.70) from the left by
φ(α12) followed by integration over all angular spae exept α12 results in an
integro-dierential equation in α ≡ α12 of the form¶
0 =
[
Πˆ212 + v(α) − λ
]
φ(α) + v(α)2(N − 2)
∫
dτ φ(α13)
+v(α)
1
2
(N − 2)(N − 3)
∫
dτ φ(α34) . (2.72)
Here dτ ∝ dΩN−2 is the angular volume element, exluding the α dependene,
with the normalization
∫
dτ = 1. Due to symmetry between the rst and
seond sums in equation (2.70), this projetion leaves for every value of α only
two dierent integrals. Both an analytially be redued to one-dimensional
integrals. The results are olleted in appendix B.2. For brevity here the terms
are denoted by ∫
dτ φ(α34) ≡ Rˆ(N−2)34 φ(α) , (2.73)
¶
Throughout we interhange α, αN−1, and α12.
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∫
dτ φ(α13) ≡ Rˆ(N−2)13 φ(α) , (2.74)
where Rˆ
(N−2)
ij is an operator ating on the funtion φ resulting in a funtion of
α.‖ Equation (2.72) an now be written as
0 =
[
Πˆ212 + v(α) − λ+ 2(N − 2)v(α)Rˆ(N−2)13
+
1
2
(N − 2)(N − 3)v(α)Rˆ(N−2)34
]
φ(α) , (2.75)
whih is linear in the funtion φ. An advantage of this equation is that it does
not beome more ompliated as the number N of partiles inreases.
In this equation, the potential v and the kineti-energy operator Πˆ2 are di-
agonal in the sense that they only at in the spae of partile pair 1-2, whereas
the angular wave funtion is also evaluated for other two-body pairs. In the
Faddeev-like equation (2.75) for the many-body ase, all wave-funtion ompo-
nents are projeted onto s waves in the 1-2 system. This means that eetive
ontributions from higher partial waves in the hyperangular spae are omitted.
Another problem is that the Faddeev approximation is not variational, i.e. the
energy may be underestimated [NFJG01℄. This is expliitly obvious when we
add and subtrat a onstant v0 from the interation potential to rewrite equa-
tion (2.67) as
(
Λˆ2N−1 +
N∑
k<l
v′kl − λ′
) N∑
i<j
φij = 0 , (2.76)
v′kl = vkl − v0 , λ′ = λ−
1
2
N(N − 1)v0 . (2.77)
The Faddeev approximation then results in an angular eigenvalue λ whih de-
pends on the hoie of v0. This shows that the Faddeev-like equation has to be
handled with are and at worst that it is inonsistent with the present assump-
tion of s waves.
2.4.2 Variational angular equation
Proeeding with the Faddeev-like equation (2.75) is one option, but as disussed
this equation shows inadequaies under the required assumptions about the
many-body wave funtion. In this setion we therefore rely on the full angular
equation and disuss a variational equation where the Faddeev approximation is
not neessary. Thus, we might eetively ath inuenes due to higher partial
waves from the dierent subsystems in the many-body system and benet from
the maintained validity of the variational priniple. However, in some of the
model alulations in the following hapters, we study results obtained from the
‖
Mathematially Rˆ resembles a rotation operator, hene the hoie of notation.
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Faddeev-like equation and then ompare to results from the following variational
equation.
First the optimal angular equation is derived within the Hilbert spae dened
by the form of the angular wave funtion in equation (2.64). The very short
range of the two-body interation ompared with the size of the system simplies
the problem as we shall see in the next setion.
The angular Shrödinger equation for xed ρ in equation (2.25) and the
ansatz for the wave funtion in equation (2.64) allow the eigenvalue expressed
as an expetation value, i.e.
λ =
〈Φ|hˆΩ|Φ〉Ω
〈Φ|Φ〉Ω =
〈∑N
i′<j′ φi′j′
∣∣hˆΩ∣∣Φ〉Ω〈∑N
i′<j′ φi′j′
∣∣Φ〉
Ω
. (2.78)
For an operator Oˆ whih is invariant when interhanging any two partiles, the
terms 〈φi′j′ |Oˆ|Φ〉Ω = 〈φi′′j′′ |Oˆ|Φ〉Ω are idential sine the possible dierenes
vanish when averaging over all angles Ω. Sine hˆΩ is invariant with respet to
interhange of partiles, this identity holds for both numerator and denominator,
so equation (2.78) simplies to
λ =
〈
φ12
∣∣hˆΩ∣∣∑Ni<j φij〉Ω〈
φ12
∣∣∑N
i<j φij
〉
Ω
. (2.79)
The total angular volume element is dΩN−1 = dΩ
(N−1)
α dΩ
(N−1)
η dΩN−2, see
equation (2.7). Sine the integrands are independent of Ω
(N−1)
η , then dΩ
(N−1)
η
an be omitted from the integrations. Using equation (2.10) we then obtain∫
dΩ(N−1)α φ
∗
12
∫
dΩN−2
(
hˆΩ − λ
) N∑
i<j
φij = 0 . (2.80)
The wave-funtion omponent φ∗12 is varied until the lowest eigenvalue is ob-
tained. This gives the integro-dierential equation∫
dΩN−2
N∑
k<l
[
(Λˆ2N−1 − λ)φkl + vkl
N∑
i<j
φij
]
= 0 , (2.81)
where the unknown funtions φij = φ(αij) all are the same idential funtion of
the dierent oordinates αij . Many terms are idential, e.g.
∫
dΩN−2 v12φ34 =∫
dΩN−2 v12φ56, sine partiles 1 and 2 annot distinguish between other pairs
of partiles, see appendix B.3.1 for the details. Colleting all terms yields∫
dΩN−2
[(
Πˆ212 + v12 − λ
)
φ12 +G(τ, α12)
]
= 0 , (2.82)
where τ denotes angular oordinates apart from α12. The kernel G ontains all
non-diagonal parts involving other partiles than 1 and 2. This is given by
G(τ, α12) =
1
2
n2
[
Πˆ234 + v(α12) + v(α34)− λ
]
φ(α34)
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+
1
2
n2v(α34)φ(α12) + 2n1v(α13)
[
φ(α12) + φ(α23)
]
+2n1
[
Πˆ213 + v(α12) + v(α13)− λ
]
φ(α13)
+n3
{
v(α34)
[
φ(α35) + φ(α15)
]
+ v(α13)φ(α45)
}
+2n2v(α13)
[
φ(α14) + φ(α24) + φ(α34)
]
+2n2v(α34)φ(α13) +
1
4
n4v(α34)φ(α56) , (2.83)
where ni =
∏i
j=1(N − j − 1) and Πˆ2ij is dened from equation (2.17) with k =
N −1 and with αk replaed by αij . In equation (2.83) all terms depend at most
on oordinates of the six partiles 1-6. The rst three terms in equation (2.82) do
not depend on the integration variables τ leaving only G(τ, α12) for integration.
By appropriate hoies of Jaobi systems [SS77℄, the relevant degrees of
freedom an be expressed in terms of the ve vetors ηN−1, . . . ,ηN−5. One is
the argument of the variational funtion and not an integration variable. The
remaining twelve-dimensional integral is then evaluated with the orresponding
volume element dτ ∝ ∏5i=2 dΩ(N−i)α dΩ(N−i)η where the normalization is ∫ dτ =
1. Then equation (2.82) beomes
[
Πˆ212 + v(α12)− λ
]
φ(α12) +
∫
dτ G(τ, α12) = 0 , (2.84)
where the rst terms are independent of the integration variables. Equation (2.84)
is a linear integro-dierential equation in one variable ontaining up to ve-
dimensional integrals, see appendix B.3.2. As is the ase for the Faddeev-like
equation, this equation does not ompliate further at large N , i.e. when N
inreases beyond N = 6, the struture does not hange.
2.4.3 Short-range approximation
The two-body potentials V (rij) are assumed to be haraterized by a length
sale b beyond whih the interation vanishes, that is when rij ≫ b. The angular
eigenvalue equation (2.84) simplies in the limit when this two-body interation
range b is muh smaller than ρ. Then the integrals are either analytial or redue
to one-dimensional integrals. This redution ould in priniple be aounted for
by substituting the interation potential with a δ funtion, but is done generally
for any nite-range interation as long as the range is small ompared to the
hyperradius. However, this is only possible for the potentials appearing under
the integrals. Thus, apart from the loal terms ontaining v(α), the results
mainly depend on a parameter a
B
related to the volume average of the potential
by the denition
a
B
≡ m
4π~2
∫
dr V (r) . (2.85)
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A nite value of this volume integral is essential for the validity of the method.
This is obeyed for short-range potentials that fall o faster than 1/r2.
As an example of the redutions, when ρ cosα ≫ b, the ∫ dτ v(α34)-term
redues to ∫
dτ v(α34) ≡ v1(α) ≃ 2
√
2
π
Γ
(
3N−6
2
)
Γ
(
3N−9
2
) aB
ρ cos3 α
. (2.86)
Similarly the
∫
dτ v(α13)-term redues to∫
dτ v(α13) ≡ v2(α) ≃ 8
3
√
3
cos3N−11 β0 Θ(α < π/3) v1(α) (2.87)
in the limit when ρ cosα cosβ0 ≫ b, where sinβ0 ≡ tanα/
√
3. Here Θ is
the truth funtion, i.e. it equals unity when the argument is true and zero
otherwise. The remaining terms an in this limit be expressed through v1(α),
v2(α), Rˆ
(k)
ij from equations (2.73) and (2.74), and other related operators Rˆ
(n)
ijkl.
Corresponding denitions are given in appendix B.3.3.
The redutions an be understood qualitatively via gure 2.2 whih shows
the geometry when the short-range interation ontributes to the integrals. In
the integral
∫
dτ v(α13)φ(α34), see gure 2.2a, the dominant ontributions our
when partiles 1 and 3 are lose together as shown in gure 2.2b. Then the
distane between partiles 3 and 4 appearing in φ34 is approximately equal
to the distane between partiles 1 and 4. Therefore
∫
dτ v(α13)φ(α34) ≃∫
dτ v(α13)φ(α14).
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Figure 2.2: Simpliations due to short-range potentials.
So, for b≪ ρ the exat short-range shapes of the potential are not important
and the integral in equation (2.84) of equation (2.83) an be written as∫
dτ G(τ, α) ≃
[n2
2
v1(α) + 4n1v2(α)
]
φ(α)
+
n2
2
Rˆ
(N−2)
34 vφ(α) + 2n1Rˆ
(N−2)
13 vφ(α)
+
n2
2
{
Rˆ
(N−2)
34 Πˆ
2
34φ(α) + [v(α) − λ]Rˆ(N−2)34 φ(α)
}
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+2n1
{
Rˆ
(N−2)
13 Πˆ
2
13φ(α) + [v(α) − λ]Rˆ(N−2)13 φ(α)
}
+
n4
4
v1(α)Rˆ
(N−3)
34 φ(α) + n3v1(α)Rˆ
(1)
3435φ(α) + n3v2(α)Rˆ
(1)
1345φ(α)
+n3v1(α)Rˆ
(N−3)
13 φ(α) + 2n2v1(α)Rˆ
(2)
3413φ(α)
+2n2v2(α)
[
2Rˆ
(2)
1314φ(α) + Rˆ
(2)
1324φ(α)
]
. (2.88)
The variational equation with these redutions is the basis for the alulations
in hapter 3.
2.4.4 Variational equation for three-body orrelations
The ansatz for the angular wave funtion from equation (2.66) inludes a ge-
neral orrelation within all three-body subsystems. We hoose a trial wave
funtion and write the angular potential λ as an expetation value analogous to
equation (2.78)
∫
dΩN−1
N∑
i′<j′
∑
k′ 6=i′,j′
φ∗i′j′,k′
(
Λˆ2N−1 +
N∑
i′′<j′′
vi′′j′′ − λ
) N∑
i<j
∑
k 6=i,j
φij,k = 0 . (2.89)
The alulation of these expetation values requires at most twelve degrees of
freedom whih with a short-range potential for b ≪ ρ redues to at most nine
degrees of freedom.
Performing the variation φ∗12,3 → φ∗12,3 + δφ∗12,3 leads to the angular varia-
tional integro-dierential equation in αN−1, αN−2, and ϑN−2:
∫
dτ˜
(
Λˆ2N−1 +
N∑
i′<j′
vi′j′ − λ
) N∑
i<j
∑
k 6=i,j
φij,k = 0 , (2.90)
where dτ˜ denotes the angular volume element for all angles apart from αN−1,
αN−2, and ϑN−2. There are 126 dierent V -terms (38 for N = 4), 12 dier-
ent Λˆ2-terms, and 12 dierent λ-terms. In the short-range limit many terms
are idential and thus redue the ompliations. The integrals in the integro-
dierential equation are three dimensions lower than those in the expetation
value sine three angles are xed. Thus, the short-range approximation results
in an integro-dierential equation in three variables with up to six-dimensional
integrals. This is beyond the sope of the present work, but indiates the om-
pliations when inluding higher-order orrelations.
Chapter III
Interations and the hyperangular spetrum
In the hyperspherial formulation of the many-body problem in hapter 2, the
tedious problems are hidden in the angular equation. The angular solutions
arry essential information about interations between the partiles and about
internal kineti energy. The orrelations were assumed to be two-body for su-
iently dilute systems, and this was built into the wave funtion. The key quan-
tity is then the funtion λ, equation (2.25), whih determines the properties of
the radial potential, equation (2.29). The angular wave funtions potentially
arry information about ouplings between the dierent adiabati hannels.
First, in setion 3.1 we disuss how to model two-body interations in the N -
partile system. Analytial derivations of angular potentials in various regimes
are given in setion 3.2. Then we omment on the numerial proedure before
solving the angular variational equation. Setion 3.3 presents the attributes of
the found wave funtions and angular potentials for various kinds of interation
strengths. Setion 3.4 summarizes the nature of the angular potentials, whih
an be parametrized by the interation parameters and the number of partiles.
The details behind this parametrization were previously published [SFJ03a℄ and
hene olleted in appendix D.
3.1 Interations between neutral bosons
The eetive two-body interations vary enormously for dierent boson systems
depending both on the nature of the bosons in question and on the surroundings.
Here we onsider bosons with short-range interations in the sense that the vol-
ume integral of the two-body interation potential is nite. Neutral atoms, that
are frequently enountered in experiments with dilute boson systems, interat
via a potential of suiently short range and an be onsidered by this method.
The interation between atoms is repulsive at short distanes due to the Pauli
exlusion priniple whih forbids overlapping entres. Neutral atoms attrat
eah other at longer distanes due to mutual polarization whih indues a dipole
moment. The interation between two partiles, e.g. 1 and 2, an be modelled
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by the two-body potential [GB01℄
V
vdW
(r) =
C6
r60
[
e−c(r−r0) −
(
r0
r
)6]
, r ≡ r2 − r1 . (3.1)
This potential has the van der Waals (vdW) tail −C6/r6 when r ≫ r0, and is
thus of short range in the sense that it deays faster than 1/r2. The important
part of this potential is illustrated in gure 3.1 for some hoie of the parameters
C6, r0, and c.
Gaussian
Geltman
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Figure 3.1: Two-body potentials. The solid line is the potential in equation (3.1)
from Geltman and Bambini [GB01℄, and the dotted line is the Gaussian potential
from equation (3.7).
At large partile separations, a diretion-independent behaviour is expeted,
whih means that zero relative angular momentum is preferred. Then the
asymptoti two-body wave funtion for partiles interating via short-range po-
tentials behaves as
u(r) = sin[κr + χ(κ)] , (3.2)
where χ is the phase shift and ~κ is the relative momentum. The phase shift
depends on the relative energy ~
2κ2/m and is at low energy given by the ex-
pansion
κ cot
[
χ(κ)
]
= − 1
as
+
1
2
κ2R
e
+O(κ4) , (3.3)
where as is the s-wave sattering length and Re is the eetive range. The
onvention applied here is that for a purely repulsive interation the sattering
length is positive, while for a purely attrative interation without any bound
states the sattering length is negative. The eetive range and higher-order
terms an be negleted at suiently low relative energy. Thus, at low energy
the properties of the two-body system are basially determined by the sattering
length as.
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The s-wave sattering length for a given two-body potential V (r) an be
obtained by solving the radial Shrödinger equation for two idential partiles
of mass m for zero angular momentum, zero energy (κ = 0), and boundary
ondition u(0) = 0: [
− ~
2
m
d2
dr2
+ V (r)
]
u(r) = 0 . (3.4)
Outside the two-body potential the solution is a straight line. Aording to a
Taylor expansion of equation (3.2), the wave funtion for small κ is
u(r) ≃ {1 + κr cot [χ(κ)]} sin [χ(κ)] ∝ 1− r
as
. (3.5)
Thus, the sattering length an be determined by the intersetion of the asymp-
toti wave funtion with zero, that is u(as) = 0.
It is often onvenient to also dene the parameter a
B
by
a
B
≡ m
4π~2
∫
dr V (r) =
m
~2
∫ ∞
0
dr r2V (r) , (3.6)
whih is the Born approximation to the sattering length as. The last equality
holds for a entral potential. The strength of the interation is then proportional
to a
B
.
Sine the ner details of the interation potential are superuous, a nite-
range Gaussian potential
V
G
(r) = V0e
−r2/b2 , V0 =
4~2a
B√
πmb3
, (3.7)
see dotted line in gure 3.1, is suient for a study of the dependene on the
sattering length and possibly a few more of the low-energy parameters in the
expansion of the phase shift. The strength V0 is then related to aB as indiated.
Figure 3.2a shows as as a funtion of the strength parameter aB for the
Gaussian potential. When the parameter a
B
dereases from zero to negative
values, the sattering length varies slowly and roughly linearly with a
B
for small
a
B
, until a value a
(0)
B
where as diverges as a signal of the appearane of the rst
two-body bound state. For inreasing attration as turns positive when this
state is slightly bound. Then the sattering length dereases and turns negative
again. This pattern repeats itself as the seond bound state appears, and so on
at eah subsequent threshold.
For a square-well potential V
sw
(r) = V
sw,0
Θ(r < b) the threshold value of
a
(0)
B
diers from the value for the Gaussian potential, but as/aB as a funtion of
a
B
/a
(0)
B
results in virtually the same urves, see gure 3.2b. This indiates that
for simple potentials the behaviour is approximately independent of the shape.
Table 3.1 shows the sattering length as for dierent potential strengths aB
for the Gaussian potential, primarily for the ases studied in this work where
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Figure 3.2: a) Sattering length as divided by the potential range b as a funtion
of a
B
divided by b for the Gaussian potential from equation (3.7). b) Sattering
length as divided by aB as a funtion of aB divided by a
(0)
B
, dened as the
value of a
B
where the rst bound state ours. Results are shown for the
Gaussian potential with a
(0)
B
/b = −1.1893 and for the square-well potential
V
sw
(r) = V
sw,0
Θ(r < b) with a
(0)
B
/b = −0.8225.
|a
B
|/b is lose to unity. The Born approximation equals the orret sattering
length only in the limit of weak attration where the magnitude of the sattering
length as is muh smaller than the interation range b.
To exemplify, in experimental work
87
Rb atoms have a sattering length of
as ≃ 100 a.u.∗ Assuming an interation range around b = 1 nm we obtain
as/b = 5.29. This an be modelled by a Gaussian two-body interation with
a
B
/b ≃ −1.5, where the lowest solution orresponds to two-body bound states
and the next aounts for the properties of the dilute gas. However, by applying
an external magneti eld it is possible to hange the internal energy levels in
alkali atoms, e.g. in
85
Rb [CCR
+
00℄, and thereby hange the sattering length
to almost any desired value. This allows experimental studies of a large range
of sattering lengths.
∗
The sattering lengths for relevant spin states of
87
Rb atoms are aording to Pethik
and Smith [PS02℄ all lose to 100 a.u., where 1 a.u. = 0.529 · 10−10 m.
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a
B
/b as/b NB
+3.625 +1.00 0
+1.00 +0.565 0
−0.3560 −0.50 0
−0.500 −0.84 0
−0.551 −1.00 0
−1.00 −5.98 0
−1.069 −10.0 0
−1.110 −15.7 0
−1.1761 −100 0
−1.1860 −401 0
a
B
/b as/b NB
−1.18765 −799 0
−1.1890 −4212 0
−1.1893 −85601 0
−1.2028 +100 1
−1.220 +44.5 1
−1.3380 +10.0 1
−1.35 +9.32 1
−1.50 +5.31 1
−6.868 −1.00 1
−7.6612 −10.0 1
Table 3.1: The sattering length as in units of b for various strengths of a
Gaussian potential measured as a
B
/b. The number N
B
is the number of bound
two-body states.
The short-range two-body interation with s-wave sattering length as has in
mean-eld ontexts [DGPS99℄, i.e. with a Hartree ansatz as in equation (2.31),
been modelled by the three-dimensional zero-range potential
Vδ(r) =
4π~2as
m
δ(r) , (3.8)
where δ is the Dira delta funtion. Only the sattering length enters as the
parameter haraterizing the two-body interation. This is usually assumed to
be suesful when n|as|3 ≪ 1, where n is the density of the system. For this
zero-range interation equation (3.6) yields a
B
= as, whih is rarely the ase for
nite-range interations, as is obvious for the ases illustrated in gure 3.2.
The nite-range Gaussian potential from equation (3.7) is used in the fol-
lowing alulations. In order to test the dependene on the short-range details
of the interation, a linear ombination of dierent Gaussians was also used in
some ases, although these results are not shown here.
3.2 Analytial angular properties
Before solving numerially we investigate various limits analytially. In the
non- or weakly-interating limit, the kineti-energy eigenfuntions are relevant
for understanding the properties of the many-body system. When a two-body
bound state is present, there is a signature of it in the angular spetrum, whih
an also be studied analytially. A zero-range treatment inorporates the well-
known asymptoti two-body behaviour into the many-body wave funtion. This
leads to an equation whih has an analyti solution for a very dilute system.
Finally, we average the interations in a way that resembles the mean eld,
i.e. all orrelations are negleted. These dierent analyti approahes provide
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a basis for understanding the numerial solutions, whih we turn to in setion
3.3.
3.2.1 Kineti-energy eigenfuntions
First, non-interating partiles, that is v = 0, are onsidered. With the trans-
formation in equation (2.20), equation (2.75) beomes[
− d
2
dα2
+
(3N − 7)(3N − 9)
4
tan2 α− 9N − 19
2
− λ
]
φ˜(α) = 0 . (3.9)
Here φ˜(α) is a redued angular wave funtion
φ˜(α) ≡ sinα cos(3N−7)/2 α φ(α) , (3.10)
in analogy to the transformation from radial to redued radial wave funtion
for the two-body problem. Sine φ for a physial state annot diverge at α = 0
or α = π/2, the boundary ondition for the redued angular wave funtion is
φ˜(0) = φ˜(π/2) = 0.
Non-redued solutions to equation (3.9) are given by the Jaobi polynomials
P [AS65℄ as
φK(α) = P [1/2,(3N−8)/2]ν (cos 2α) . (3.11)
See further details in appendix C. The hyperspherial quantum number K is
given by K = 2ν = 0, 2, 4, . . . and denotes the angular kineti-energy eigen-
funtion with ν nodes in α spae. The orresponding angular eigenvalues are
λK = K(K + 3N − 5). This notation is onsistent with the general hypersphe-
rial harmonis from equations (2.48) and (2.50). The lowest eigenvalue is zero
orresponding to a onstant eigenfuntion P0 = 1.
Figure 3.3a shows the redued angular kineti-energy eigenfuntions for N =
100 and the lowest three eigenvalues. The onstant wave funtion φK=0 is in
the gure represented by φ˜0(α) = sinα cos
(3N−7)/2 α, where |φ˜0|2 then is the
volume element in α spae. The osillations are loated at relatively small α
values. As seen in gure 3.3b, the loation of the maximum hanges as 1/
√
N
due to the entrifugal barrier proportional to tan2 α in equation (3.9). Thus,
as N inreases, the probability beomes inreasingly onentrated in a smaller
and smaller region of α spae around α = 0.
Some solutions may be spurious, i.e. eah omponent φ is non-vanishing, but
the full wave funtion Φ in equation (2.64) is identially zero:
Φ =
N∑
i<j
φij = 0 . (3.12)
Equation (2.69) shows that suh a omponent φ with zero sum is an eigenfun-
tion of the angular kineti-energy operator. Here the K = 2 eigenfuntion from
3.2. Analytial angular properties 35
K = 4
K = 2
K = 0
a) N = 100
φ˜
K
0.40.30.20.10
2
0
-2
N = 1000
N = 100
N = 10
b) K = 0
α
φ˜
0
10.80.60.40.20
6
4
2
0
Figure 3.3: The redued angular wave funtion φ˜K , dened in equations (3.10)
and (3.11), for a) N = 100 and K = 0, 2, 4 and b) K = 0 and N = 10, 100, 1000.
The normalization is
∫ pi/2
0
dα |φ˜K(α)|2 = 1.
equation (3.11) has a vanishing angular average, i.e.
∫
dτ
N∑
i<j
φK=2(αij) = 0 , (3.13)
see appendix C. This riterion is not idential to equation (3.12), but funtions
φ that obey equation (3.13) are nevertheless inert to the interation potential
as it ours in the Faddeev-like equation (2.72) and in the angular variational
equation (2.84). Solutions like φK=2 obtained by solving equations (2.72) or
(2.84) are therefore independent of the interations and the eigenvalue is inde-
pendent of ρ. Sine the K = 2 funtion is spurious in this sense, it must be
avoided when obtaining the solutions.
3.2.2 Asymptoti spetrum for two-body states
For large values of ρ, the short-range two-body potential v with range b is non-
vanishing only when α is smaller than a few times b/ρ. For larger values of α,
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the potential-rotation terms vRˆφ in the angular Faddeev-like equation (2.75)
an therefore be omitted.
We rst assume that the rotation terms Rˆφ an be negleted for smaller α.
For α ≪ 1 substitution of r ≃ √2ρα instead of α in equation (2.75) then leads
to the two-body equation with energy E(2):
[
− ~
2
m
d2
dr2
+ V (r)− E(2)
]
u(r) = 0 , (3.14)
where 2mρ2E(2)/~2 = λ+9N/2−9 and u(√2ρ sinα) = φ˜(α). A two-body bound
state with E(2) < 0 orresponds to an eigenvalue λ diverging towards −∞ as
−ρ2. Moreover, the wave funtion will be onentrated around r ∼ b, whih
in terms of α means α ∼ b/ρ ≪ 1. Suh solutions do not produe signiant
rotation terms, whih is onsistent with the omission in the derivation. The
struture of the N -body system is given by the fully symmetrized wave funtion
for two partiles in the bound state, while all other partiles are far away, thus
produing the large average distane.
A solution to equation (2.75) that does not orrespond to a two-body bound
state has a wave funtion distributed over larger regions of α spae. As the
potentials then vanish for large ρ, we are left with the free solutions, i.e. the free
spetrum of non-negative λ values is obtained in this limit of large ρ.
A two-body state with energy slightly below zero fores λ to diverge slowly
as −ρ2. On the other hand, if the two-body system is slightly unbound, λ
instead onverges slowly to zero whih is the lowest eigenvalue of the free solu-
tions. Preisely at the threshold, it seems that λ should not be able to deide
and therefore must remain onstant. Thus, for innitely large two-body s-wave
sattering length we are led to expet that one angular eigenvalue approahes
a negative onstant for large ρ. Similar predited behaviours have been on-
rmed for three partiles [NFJG01℄. In setion 3.3.2 we turn to the numerial
veriation for N > 3.
3.2.3 Zero-range approximation
A zero-range treatment of three-body systems leads to an equation whih an be
easily solved for the angular eigenvalue [NFJG01, FJ01b℄. The basi assumption
is that when the hyperradius is large ompared to the range of the interation,
two interating partiles in the many-body system onsider eah other as point
partiles. Therefore, the details of the interation potential an be replaed by
a boundary ondition at zero separation. Moreover, it is seen from the Faddeev-
like equation (2.75) that outside the potential range the angular equation is just
the kineti-energy eigenvalue equation with the solutions from setion 3.2.1.
Combination of these observations leads to an analyti solution as follows.
The many-body wave funtion at small two-partile separation approahes
the two-body wave funtion. The two-body wave funtion at low energy aord-
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ing to equation (3.5) then behaves as
1
u(r)
du(r)
dr
∣∣∣∣
r=0
= − 1
as
. (3.15)
In order to ompare onsistently, we use the many-body wave funtion inluding
the volume element in the angle α where α is related to the two-body distane
r by r =
√
2ρ sinα, i.e. we assume that at small separations the two-body wave
funtion u(r) is represented by αΦ(ρ,Ω). Equation (3.15) then beomes
∂[αΦ(ρ,Ω)]
∂α
∣∣∣∣
α=0
= −
√
2ρ
as
αΦ(ρ,Ω)
∣∣∣∣
α=0
. (3.16)
By averaging over all angular oordinates exept α we obtain
Φ(ρ,Ω) = φ(α) + 2(N − 2)Rˆ(N−2)13 φ(α) +
1
2
(N − 2)(N − 3)Rˆ(N−2)34 φ(α) . (3.17)
Outside the diagonal potential v(α) the solutions and eigenvalues, with
proper boundary ondition at α = π/2, are
φν(α) = P˜ν(− cos 2α) , P˜ν(x) ≡ P [(3N−8)/2,1/2]ν (x) , (3.18)
λ = 2ν(2ν + 3N − 5) . (3.19)
Sine we do not restrit φν for α → 0, non-integer values of ν are allowed. For
small α the solutions behave as [NFJG01℄, see also appendix C,
φν(α) ≃ A
α
+B , A ≡ − sin(πν)√
π
Γ
(
ν + 3N−62
)
Γ
(
ν + 3N−52
) , (3.20)
B ≡ cos(πν) 2√
π
Γ
(
ν + 32
)
Γ(ν + 1)
. (3.21)
Then at the edge of the zero-range potential we get
αΦ(ρ,Ω)
∣∣∣
α=0
= αφν(α)
∣∣∣
α=0
= A , (3.22)
∂[αΦ(ρ,Ω)]
∂α
∣∣∣∣
α=0
= B + 2(N − 2)Rˆ(N−2)13 φν(0)
+
1
2
(N − 2)(N − 3)Rˆ(N−2)34 φν(0) , (3.23)
Rˆ
(N−2)
34 φν(0) =
2Γ
(
3N−6
2
)
Γ
(
ν + 32
)
√
πΓ
(
ν + 3N−62
) ν→0−→ 1 , (3.24)
Rˆ
(N−2)
13 φν(0) =
2Γ
(
3N−6
2
)
√
πΓ
(
3N−9
2
)(2
3
)(3N−8)/2
× (3.25)
∫ 1/2
−1
dx
√
1 + x
(1
2
− x
)(3N−11)/2
P˜ν(x) ν→0−→ 1 for N > 3 ,
Rˆ
(N−2)
13 φν(0) =
2 sin[(ν + 1)π/3]
(ν + 1)
√
3
ν→0−→ 1 for N = 3 . (3.26)
38 Chapter 3. Interations and the hyperangular spetrum
Combination of these results leads to ρ/as as a funtion of ν:
ρ
as
=
√
2Γ
(
ν + 32
)
sin(πν)
Γ
(
3N−6
2
)
Γ
(
ν + 3N−52
)
Γ
(
ν + 3N−62
)2 × (3.27)
[
cos(πν)Γ
(
ν + 3N−62
)
Γ(ν + 1)Γ
(
3N−6
2
) + 2(N − 2)Rˆ(N−2)13 φν(0)
Rˆ
(N−2)
34 φν(0)
+
(N − 2)(N − 3)
2
]
.
At small |ν| ≪ 1, the square braket yields N(N − 1)/2, and then ν beomes
ν(ρ) ≃ N(N − 1)
2
√
2π
Γ
(
3N−5
2
)
Γ
(
3N−6
2
) as
ρ
. (3.28)
The angular eigenvalue λ from equation (3.19) is then
λ(ρ) ≃ 2ν(3N − 5) =
√
2
π
N(N − 1)Γ
(
3N−3
2
)
Γ
(
3N−6
2
) as
ρ
. (3.29)
This derivation is valid when ν ≪ 1, or equivalently when ρ≫ N5/2|as|.
As we shall see in the following setion, the result in equation (3.29) an be
obtained otherwise. However, when the treatment of equation (3.27) is numer-
ially extended to smaller hyperradii, unmistakably wrong results are enoun-
tered. Whether this is reminisent of the initially expeted deienies of the
Faddeev-like equation or it is a mistake in the treatment of equation (3.27) is
presently not sorted out.
3.2.4 Average, non-orrelated eets of interations
As disussed in setion 2.3.1, a mean-eld wave funtion orresponds to a on-
stant angular wave funtion where no orrelations are inluded. With a non-
orrelated, onstant angular wave funtion ΦK=0 =
∑N
i<j φK=0(αij), the ex-
petation value of the angular Hamiltonian hˆΩ beomes
λK=0 = 〈ΦK=0|hˆΩ|ΦK=0〉Ω =
〈
ΦK=0
∣∣∣ N∑
k<l
vkl
∣∣∣ΦK=0〉
Ω
, (3.30)
without ontribution from angular kineti energy. Proeeding in the manner of
the mean eld we then have to assume the same ansatz for the two-body inter-
ation, i.e. the δ funtion from equation (3.8). With this zero-range interation,
equation (3.30) beomes
λδ ≡
√
2
π
N(N − 1)Γ
(
3N−3
2
)
Γ
(
3N−6
2
) as
ρ
N≫1−→ 3
2
√
3
π
N7/2
as
ρ
. (3.31)
Bohn et al. [BEG98℄ did a similar alulation, but sine they did not separate
out the entre-of-mass motion, the present result for λδ is eetively that of
3.2. Analytial angular properties 39
[BEG98℄ with N replaed by N − 1 in the Γ funtion. For N ≫ 1 the results
are idential.
We note that the angular potential from equation (3.31) oinides with equa-
tion (3.29), i.e. the large-hyperradii derivation from the zero-range model in se-
tion 3.2.3. This indiates that the struture of the two-body orrelated ansatz
for the many-body wave funtion athes the essential information in agree-
ment with the low-density result, equation (3.31), whih orresponds to the
mean eld.
Thus, the zero-range interation from equation (3.8) leads to reasonable
energies in the dilute limit. However, at larger densities (smaller ρ) a nega-
tive sattering length as potentially leads to unphysial behaviours. We an
understand this problem by putting λδ ∝ as/ρ into the radial potential, equa-
tion (2.29), whih yields a term as/ρ
3
that diverges faster than other terms as
ρ→ 0. We return to this problem in hapter 6.
Thus, a zero-range two-body interation in mean-eld omputations an
lead to a ollapse. This problem is not present for nite-range interations,
and the present method allows the use of strongly attrative potentials. The δ
interation furthermore does not allow a study of short-range properties suh
as bound two-body systems and similar lusterizations. Both problems are
overome by using a nite-range potential in the present model. When ρ is
muh larger than the potential range b, the expetation value of a nite-range
potential is of the same form as λδ in equation (3.31)
λniteK=0
ρ≫b−→
√
2
π
N(N − 1)Γ
(
3N−3
2
)
Γ
(
3N−6
2
) aB
ρ
, (3.32)
with the Born approximation a
B
from equation (3.6) instead of the real satte-
ring length as.
In the opposite limit, when ρ ≪ b, the result is strongly dependent on the
shape of the potential. For example, the Gaussian potential from equation (3.7)
yields
λniteK=0
ρ≪b−→ 4√
π
N(N − 1)aB
b
(ρ
b
)2
. (3.33)
As seen from these two limits there are some saling properties for nite-range
potentials. The angular eigenvalue at a given N value depends only on a
B
/b
and ρ/b. For a Gaussian potential we have
vkl =
2mρ2V0
~2
e−r
2
kl/b
2
=
8a
B√
πb
(ρ
b
)2
e−2(ρ/b)
2 sin2 αkl , (3.34)
whih implies that for a given value of a
B
/b, the angular eigenvalue λ is only a
funtion of ρ/b. The radial potential U from equation (2.29), whih we return
to in hapter 4, an be saled as
2mb2U(ρ)
~2
=
λ
(ρ/b)2
+
(3N − 4)(3N − 6)
4(ρ/b)2
+
(ρ/b)2
(b
t
/b)4
, (3.35)
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where b
t
=
√
~/(mω) is the harateristi length for a harmoni trap of an-
gular frequeny ω. The saled energy 2mb2E/~2 is then for a given N value
only a funtion of a
B
/b and b
t
/b. These saling properties are useful in model
alulations.
3.3 Numerial angular solutions
In the previous setion we disussed solutions to the angular equation in the
presene of no interations, in the ase of two-body bound states, and in the
zero-range limit. However, solutions with general two-body interations have
to be obtained numerially, whih is the quest of the present setion. We rst
omment on the numerial proedure before disussing properties of the angular
eigenvalues and wave funtions.
3.3.1 Numerial method
The angular eigenvalue equation was rewritten in hapter 2 by a variational
tehnique as the seond-order integro-dierential equation (2.84) in the variable
α, where r12 =
√
2ρ sinα. For neutral atoms in reent trapping experiments
the interation range is very short ompared to the spatial extension of the N -
body system. Then this equation simplies to ontain at most one-dimensional
integrals. The validity of the approximations only relies on the small range b of
the potential, whereas the sattering length as an be as large as desired.
Even though the omplexity of the angular equation does not inrease as the
number of partiles inreases, the numerial solutions beome harder to handle
for large N . The origin of this problem is the sharp peak in the angular volume
element for large N , see setion 3.2.1.
Expansion on kineti-energy eigenfuntions
A usual method within the hyperspherial formalism is to expand the angular
wave funtion on kineti-energy eigenfuntions [Lin95, BEG98℄. Suh an ex-
pansion is suessful when the physial extension of the system is omparable
to the interation range. The hyperspherial harmonis ontain osillations at
angles of the order of magnitude α ∼ O(1/K), so for a given hyperradius we
need K values of the order of K
max
∼ O(ρ/b) to desribe potentials limited
to α < b/ρ. Thus, the angular kineti-energy eigenfuntions onstitute an in-
eetive basis at large hyperradii sine the diagonal potential in this ase will
be sharply peaked around α = 0, and a huge number of terms is neessary to
aount for the orret behaviour of the wave funtion around α = 0.
For trapped partiles the sale of the system is determined by the trap length
b
t
whih for atomi gases usually is of order µm. Sine the interation range
b usually is in the nm region, an expansion on kineti-energy eigenfuntions
onverges slowly and is not appropriate for the present treatment.
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Finite dierenes
Instead of an expansion on hyperspherial harmonis we hoose a basis of dis-
rete mesh points distributed in α spae φ(α) → φ ≡ [φ(α1), . . . , φ(αM )] to
take into aount the short range of the potential and to keep suient infor-
mation about small α. Derivatives are then written as nite dierenes [KM90℄
and integrations like Rˆφ(α) of equation (2.88) an be expressed in matrix form,
i.e. Rˆφ(α)→ R φ.
Numerial omputation of the integrals beomes inreasingly diult with
dereasing interation range. This an be understood in terms of the α oordi-
nate, sine the potential at a given ρ and a given range b of the interation, is
onned to an α region of size ∆α ∼ b/ρ, whih for Bose-Einstein ondensates
easily beomes very small and thus annot be handled diretly numerially.
Reently the method of nite elements was applied to the Faddeev-like equa-
tion (2.75). With nite elements the basis funtions are smooth and yield more
reliable matrix elements, espeially those involving derivatives due to the kineti
energy. This proves easier to handle, but is presently not implemented for the
angular variational equation (2.84). For details about nite-elements methods
see referenes in Press et al. [PFTV89℄.
Unless stated otherwise, the following numerial results are obtained with
the method of nite dierenes.
3.3.2 Angular potentials
The angular eigenvalue depends on the number of partiles, on the size of the sys-
tem through the hyperradius, and on the two-body potential. Figure 3.4 shows
the angular eigenvalue for the partile number N = 20 and various Gaussian
potential strengths. Only the lowest λ0 is shown unless otherwise indiated.
The long-dashed line shows the alulation for a purely repulsive interation
with positive sattering length. Here the angular eigenvalue approahes zero at
large hyperradii approximately as 1/ρ. The thin, solid line shows λδ ∝ as/ρ from
equation (3.31) for the same sattering length. These two urves almost oinide
at large hyperradii. The short-dashed urve shows the angular eigenvalue for a
slightly attrative two-body interation without any two-body bound state and
with negative sattering length. This angular potential approahes zero from
below as 1/ρ, also in agreement with equation (3.31). For a larger attration,
when the sattering length beomes very large, the angular eigenvalue (thik,
solid line) is almost onstant for a large region of hyperradii. This agrees with
the expetations in setion 3.2.2. For a slightly larger attration the sattering
length turns positive and a two-body bound state forms. Then (dot-dashed line)
the lowest angular eigenvalue at some point diverges to minus innity. For even
larger attration the binding energy of the bound state inreases and λ diverges
faster, see the sequene of the dot-dashed, double-dashed, and triple-dashed
lines.
The dotted line shows the angular eigenvalue for the next angular solution
for the strongest attration. This approahes zero from above as 1/ρ, whih
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Figure 3.4: Angular eigenvalues for N = 20 and parameters (a
B
/b, a
s
/b) as
shown on the gure. A star refers to the rst exited state. For a
B
/b = −1.1893
we have as/b = −85601, see table 3.1, whih here is denoted by −∞.
resembles the behaviour for a purely repulsive interation (long-dashed line).
This illustrates the use of the terms eetively repulsive or eetively attra-
tive in the mean eld, depending on the sign of as even though the interation
potential might be purely attrative. See related omments by Geltman and
Bambini [GB01℄.
For one hundred partiles gure 3.5 shows the lowest angular potential for
various attrative interations. Qualitatively the same behaviours as for N = 20
are observed. When as = −b (solid line) the system has no bound two-body
states. The lowest angular eigenvalue is zero at ρ = 0, dereases then through
a minimum as a funtion of ρ, and approahes zero at large hyperradii as as/ρ.
A larger attration (broken lines) dereases all angular eigenvalues for all ρ
values. The details at smaller hyperradii hardly hange with large variations of
the sattering length. However, at larger distanes the approah towards zero
is onverted into a paraboli divergene as soon as the sattering length jumps
from negative (dotted line) to positive (dot-dashed line) orresponding to the
appearane of a bound two-body state. The faster divergene (double-dashed
line) is again observed for inreasing binding energy.
The harateristi feature for both ases N = 20, 100 is the large-distane
asymptoti behaviours. For repulsive potentials all eigenvalues are positive and
the lowest approahes zero from above. The higher eigenvalues would then
onverge to K(K+3N − 5) as 1/ρ, where K = 4, 6, 8.... The solution for K = 2
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Figure 3.5: The lowest angular eigenvalues λ for N = 100 bosons interating via
a Gaussian two-body potential V (r) = V0 exp(−r2/b2) with zero or one bound
two-body states. The sattering lengths as/b are indiated on the gure.
is not allowed, orresponding to removal of the non-physial spurious solution,
see setion 3.2.1.
For weak attrations the lowest λ is negative and approahes zero from be-
low as 1/ρ. The higher angular eigenvalues approah, again, K(K + 3N − 5)
orresponding to the spetrum for free partiles. The onstant of proportional-
ity to ρ−1 for the lowest eigenvalue is qualitatively reovered as the predited
dependene on as. Calulations with a two-body potential as a linear ombina-
tion of dierent Gaussians (not shown) onrm that the large-distane angular
potential only depends on the sattering length as as in λδ.
In the presene of a two-body bound state the divergene as −ρ2 reets
the orresponding two-body binding energy, see equation (3.14). Generally, an
attrative nite-range interation an support a ertain number N
B
of two-body
bound states for both positive and negative sattering lengths. Then the lowest
angular eigenvalues, λ0, λ1, . . . , λN
B
−1, desribe these bound two-body states
within the many-body system at large hyperradii, i.e. they diverge to −∞ as
seen in gure 3.5.
The next eigenvalue λN
B
onverges to zero at large distane and orresponds
to the rst two-body-unbound mode. The higher eigenvalues would then, one
more, onverge to K(K + 3N − 5). Inreasing the attration to allow another
bound two-body state would then shift the asymptoti spetrum suh that one
more eigenvalue diverges while the non-negative energy spetrum remains un-
hanged. This yields qualitatively the same asymptoti spetrum for the un-
bound modes irrespetive of the number of bound states below. This invaluably
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eases the omputations, i.e. all the bound states of the two-body system are
not needed in order to desribe the unbound modes of the many-body system.
Therefore, the two-body interation does not have to be the real two-body inter-
ation, whih allows all the two-body bound states that are known to exist, but
the interation potential an be written in a way that aounts for the investi-
gated properties. This is the ase for the potential from Geltman et al. [GB01℄,
equation (3.1), and also for the Gaussian potential, equation (3.7), applied in
the present work.
These properties of the two lowest eigenvalues in the presene of one two-
body bound state are evident in gure 3.6. The lowest eigenvalue (dashed
urve) diverges to minus innity proportional to ρ2. This orresponds to the
bound state. The seond eigenvalue (solid urve) is negative at small hyperradii,
but turns positive at larger and approahes the asymptoti behaviour of λδ ∝
as/ρ (dotted urve, see details in the inset). Sine the seond eigenvalue at
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Figure 3.6: The two lowest angular eigenvalues (dashed and solid urves) for
N = 100, as/b = +10, and one bound two-body state. The dotted urve is λδ
for the same sattering length.
small and intermediate hyperradii is negative, this might allow a self-bound
system loated at distanes far inside and independent of a onning external
trap potential. This feature is absent in a desription with overall repulsive
potentials, orresponding to positive sattering lengths, for example the zero-
range interation with as > 0. Then no attrative part is possible.
At eah threshold for the appearane of a new bound two-body state, one
eigenvalue asymptotially approahes a negative onstant as in gure 3.4. This
eigenvalue is responsible for the struture of the N -body system for very large
sattering lengths. This reets the transition from unbound to bound two-
body states, that is the transition from onvergene towards zero as −1/ρ to
divergene as −ρ2, see setion 3.2.2.
We nish the disussion of the angular eigenvalue from the variational equa-
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tion (2.84) by omparing with the results from a nite-element treatment of the
Faddeev-like equation (2.75). Figure 3.7 shows the results from the Faddeev-like
equation for the same parameters as in gure 3.4. At large hyperradius the re-
sults agree, whereas they dier as ρ→ 0. This is probably due to the short-range
approximation of setion 2.4.3, although we reall the non-variational nature of
the Faddeev-like equation, as disussed in setion 2.4.1, as another possible
soure. However, due to the importane of orrelations higher than two-body in
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Figure 3.7: Angular eigenvalues for N = 20 and parameters (a
B
/b, as/b) as
shown on the gure obtained from the Faddeev-like equation (2.75).
the denser regions, orretions to these short-distane results would be in order
even without the short-range approximation. Moreover, for a desription of a
dilute many-boson system we do not need the details at suh short distanes,
so they are not onsidered in the following.
3.3.3 Angular wave funtion
The total angular wave funtion is determined as the sum of two-body ompo-
nents in equation (2.64). Figure 3.8 shows the lowest omponent wave funtion,
redued as in equation (3.10), for a two-body potential with one bound two-body
state. With inreasing ρ the amplitude onentrates at smaller and smaller val-
ues of α. This reets the onvergene towards the two-body bound state in
agreement with the transformation r12 =
√
2ρ sinα, see setion 3.2.2. The nu-
merial reovery of this behaviour is essential, sine otherwise the large-distane
properties annot be desribed.
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Figure 3.8: The lowest redued angular wave funtions for N = 20 and a
B
=
−1.50b, as = 5.31b for three values of the hyperradius. This potential has one
bound two-body state.
The angular eigenfuntion varies with the strength of the interation. Ex-
amples of this variation are shown in gure 3.9a. The lowest non-interating
wave funtion (thin, solid line) has only nodes at the endpoints. The repulsive
ase shows an osillation (dashed line) whih lowers the angular energy due to
the rotation terms. The fast hange at small α, whih is emphasized in g-
ure 3.9b, is typial for interating partiles. The wave funtion for the exited
state (dotted line) has an additional node. The orresponding lower-lying wave
funtion was shown as the dashed line in gure 3.8.
The wave funtion for innite sattering length (thik, solid line in gure 3.9)
orresponds to an interation where the two-body bound state is at the threshold
for ourrene. This eigenfuntion resembles those where a bound two-body
state is present, ompare with the results shown in gure 3.8. However, now
(thik urve of gure 3.9b) the wave funtion is loated at larger α values.
The properties of the omponent of the angular wave funtion is further
illustrated by the seond moment dened by
〈r212〉φ ≡ 2ρ2〈φ12| sin2 α|φ12〉 . (3.36)
A number of these moments for dierent interations are shown in gure 3.10
as funtions of ρ. For states obtained from repulsive potentials, moderately
attrative potentials without bound two-body states, and for exited states of
positive λ, the moment 〈r212〉φ inreases proportional to ρ2 for large ρ. This
resembles the behaviour of the expetation value in the lowest angular state
for a non-interating system, i.e. K = 0, where 〈r212〉φ = 2ρ2/(N − 1). The
qualitative explanation is that large ρ implies the limit of a non-interating
spetrum with the orresponding non-orrelated wave funtions.
In ontrast, a dierent behaviour is observed when the potential an bind
two partiles, i.e. 〈r212〉φ approahes a onstant at large ρ. The angular equation
in this limit approahes the two-body equation (3.14). The wave funtion in
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Figure 3.9: a) Angular wave funtions for N = 20 and ρ = 500b for dierent
interation parameters (a
B
/b, as/b) as shown on the gure. The K = 0 urve
orresponds to a non-interating system. A star refers to the rst exited state.
b) The same as a), but with logarithmi α axis.
the zero-range limit onverges to u(r) = exp(−r/as). The seond moment is
then found as 〈u|r2|u〉 = a2s/2, whih in the limit of large ρ reprodue the
onstant values for 〈r212〉φ when as/b = 9.32 and as/b = 5.31, i.e. the double-
and triple-dashed lines in gure 3.10 approah 9.322/2 ≃ 43 and 5.312/2 ≃ 14,
respetively.
Expressed dierently, when a two-body bound state is present, the angular
wave funtion is at inreasing ρ squeezed inside the potential sine the range
in α spae dereases proportional to ρ−1. This implies 〈φ12| sin2 α|φ12〉 ∝ 1/ρ2.
The distane between a pair of partiles is therefore independent of ρ at large
values of ρ. This means that pairwise the two-body bound state is approahed
while all other partiles are far away. The symmetrization does not aet this
onlusion. Thus, apart from this symmetrization of the many-boson wave
funtion, the attributes of the many-body system in the presene of this two-
body bound state show only small deviations from the well-known properties of
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Figure 3.10: The seond moment 〈r212〉φ as a funtion of hyperradius for N =
20 for solutions to the angular variational equation with dierent interation
parameters speied in the gure by (a
B
/b, as/b). Also shown is the K = 0
value. A star refers to the rst exited state.
the isolated two-body bound state.
At the threshold for two-body binding, that is for innite sattering length,
the intermediate behaviour one again emphasizes the transition from bound to
unbound, see the thik, solid line in gure 3.10.
3.4 Summary
Further numerial analysis allows us to onstrut a parametrization for the be-
haviour of the lowest angular eigenvalue for attrative two-body interations in
two dierent regimes: i) no bound two-body states and as < 0, and ii) as > 0
and one bound two-body state of energy E(2). These details are previously
published [SFJ03a℄ and olleted in appendix D. Here we summarize the re-
sults, illustrate them, and then omment on them in relation to the previous
observations.
3.4.1 Parametrization
For small hyperradii ρ < ρ0 ≡ 0.87N1/2(b/|as|)1/3b we use for all as the per-
turbation result obtained as the expetation value of the two-body interation
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V (r) in a onstant angular wave funtion, i.e. for N ≫ 1
λ
a
=
mV (0)N2ρ2
~2
for ρ < ρ0 . (3.37)
For hyperradii exeeding the lower limit ρ0 the analyti expressions from equa-
tions (D.3), (D.4), (D.9), and (D.10) are expressed as
λ
a
(N, ρ) = −|λδ(N, ρ)|
(
1 +
0.92N7/6b
ρ
)
(3.38)
×

 1− exp
[
− |λ∞(N)||λδ(N,ρ)|
]
when as < 0 ,
|λ∞(N)|
|λδ(N,ρ)| +
|λ(2)(ρ)|
|λδ(N,ρ)| when as > 0 ,
for ρ > ρ0 ,
with λδ from equation (3.31) and
λ∞(N) = −1.59N7/3 , (3.39)
λ(2)(ρ) =
2mρ2
~2
E(2) , E(2) = − ~
2
m|as|2 c . (3.40)
The number c approahes unity when the sattering length beomes very large.
The fator (1 + 0.92N7/6b/ρ) reets dependene on the nite range b of the
Gaussian two-body interation. At ρ ∼ N7/6|as| we nd λδ ∼ λ∞ ∼ λ(2).
The results of the parametrizations in equations (3.37) and (3.38) are illus-
trated in gure 3.11 forN = 100 and various sattering lengths. The pronouned
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Figure 3.11: The angular eigenvalue λ, equations (3.38) and (3.37), for N = 100
as funtion of ρ for the dierent sattering lengths given on the gure in units
of the range as/b.
deep minimum at ρ ∼ ρ0 is in the region depending on the two-body potential
and reets the qualitative behaviour of the lowest angular eigenvalue. After
this strongly attrative region at small ρ the eigenvalues approah zero. As the
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size of the sattering length inreases, the eigenvalue develops a plateau at a
onstant value λ∞ independent of as. Eventually at large ρ the eigenvalues van-
ish as λδ when as < 0 and diverge to −∞ when as > 0. This is omparable with
the sequene of the short-dashed, thik-solid, and dot-dashed lines in gure 3.4.
When as < 0, the analyti and the orret eigenvalues both exeed the
asymptoti zero-range result, i.e. λ
a
≥ λδ for all hyperradii. This means that
the ground-state energy is higher than the energy obtained with the zero-range
interation. Thus, the ground state energy from the present model is higher than
the mean-eld energy. The origin of this sequene of energies is that the zero-
range interation inevitably leads to diverging energies for smaller distanes.
The present model avoids this non-physial short-range ollapse.
When as > 0 the interation is eetively repulsive at large hyperradii and
an analytial expression in this ase for the seond angular eigenvalue obeys
λ
a
≤ λδ for all hyperradii, due to the divergene of λδ → +∞ as ρ → 0.
Correspondingly, the energies are smaller than the zero-range mean-eld result
in the positive-as ase.
3.4.2 At the threshold
At intermediate hyperradii, that is when
b <
ρ
N7/6
< |as| , (3.41)
the angular eigenvalue as obtained from equation (3.38) is independent of both
the short-range details of the two-body interation and the sattering length.
Then λ approahes a onstant value given by equation (3.39) as λ∞ ≃ −1.59N7/3.
This plateau value an be estimated by onsidering the angular eigenvalue for
a two-body bound state:
λ(2)(ρ) ≃ −2ρ
2
a2s
. (3.42)
The plateau terminates at a hyperradius ρa where this two-body angular po-
tential intersets with λδ from equation (3.31), i.e.
λ∞(N) = λ(2)(ρa) = λδ(N, ρa) ≃ 3
2
√
3
π
N7/2
as
ρa
. (3.43)
Combination of equations (3.42) and (3.43) yields
ρa ≃ 3
√
3
4
N7/6|as| , (3.44)
λ∞(N) ≃ − 3
√
9
2
N7/3 ≃ −1.65N7/3 , (3.45)
whih is in agreement with the numerial results in equations (3.39) and (3.41).
However, the N dependene annot be predited from the angular equation
sine the result is an interplay between the various terms in equation (2.84).
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The symbol λ∞ is hosen for this onstant sine the relevant ρ region extends
to innity in the limit of innitely large sattering length. With no bound two-
body states (as < 0) the lowest angular eigenvalue approahes zero at larger
hyperradii, whereas it diverges towards −∞ as ρ2 when a bound two-body state
is present (as > 0). On the threshold for a two-body bound state as = ±∞
and the angular eigenvalue therefore remains onstant. For nite, but large, as
the eigenvalue lingers and annot deide whih way to go until the hyperradius
exeeds a size ρa proportional to the sattering length given by equation (3.44).
3.4.3 Disussion
The two-body orrelations built into the many-body wave funtion are evident in
the properties of the angular wave funtion. The partiles feel pairwise repelled
or attrated to eah other, whih is reeted in the average two-body distane in
the two-body amplitude. The presene of a two-body bound state is desribed
by an angular adiabati potential proportional to the two-body binding energy.
The angular wave funtion in this limit equals the wave funtion for the two-
body bound state.
The angular adiabati potential reets the eetive interation between the
bosons. We reovered numerially the sattering length as the determining pa-
rameter for a dilute system with large average separation. Deviations at larger
densities resulted in a parameter-free eetive interation λ∞ whih is inter-
preted in simple physial terms as the transition between the shape-dependent
and the sattering-length-dependent regions. The properties of the lowest an-
gular eigenvalues are olleted in table 3.2.
N
B
as λ0 λ1 λ2
0 > 0 λδ λK=4 λK=6
0 < 0 λδ λK=4 λK=6
threshold ∓∞ λ∞ onstant onstant
1 > 0 2mρ2E
(2)
0 /~
2 λδ λK=4
1 < 0 2mρ2E
(2)
0 /~
2 λδ λK=4
threshold ∓∞ 2mρ2E(2)0 /~2 λ∞ onstant
2 > 0 2mρ2E
(2)
0 /~
2 2mρ2E
(2)
1 /~
2 λδ
2 < 0 2mρ2E
(2)
0 /~
2 2mρ2E
(2)
1 /~
2 λδ
threshold ∓∞ 2mρ2E(2)0 /~2 2mρ2E(2)1 /~2 λ∞
Table 3.2: The behaviour of the lowest angular eigenvalues at large hyperradii as
a funtion of the number N
B
of bound two-body states and for dierent regions
of the sattering length. The attration inreases through the sequene. E
(2)
n is
the energy of the n'th two-body state.
Calulations with a orrelated Jastrow wave funtion with the right be-
haviour at small interpartile distanes and with realisti interations [CHM
+
02℄
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and with various nite-range potentials [BG01℄ onrm that the ground-state
energy of a dilute boson system only depends on the sattering length and not
on the details of the potential. The advantage of the present model is that it re-
sults in a relatively simple one-dimensional dierential equation whih provides
analytial results in some limits, i.e. the sattering-length-only behaviour is re-
overed analytially in setion 3.2.3. Furthermore, from the two-body ansatz
for the wave funtion no further assumptions are neessary in order to obtain
the large-distane sattering-length-only signatures.
Chapter IV
Hyperradial onnement and ondensates
In hapter 3 we studied the attributes of the solutions to the hyperangular
equation for a xed value of the hyperradius. This freezed the variation in
the average distane between the partiles, but nevertheless showed a range of
harateristis depending on the nature of the two-body interation. In this
hapter we omplete the treatment of the degrees of freedom in the entre-of-
mass system by studying the radial equation and the properties of its solutions.
Besides the ontributions from kineti energy and interations, the radial
equation ontains a term due to an external eld ating on the partiles. As
shown in hapter 2 this separates for a harmoni eld niely into a entre-of-
mass part and a hyperradial part. The inlusion of suh a term is disussed
in setion 4.1. Then the hyperangular ontributions due to interations are
inluded in setion 4.2 in a study of the properties of the full radial potential
and the solutions to the radial equation. Setion 4.3 presents more details about
negative-energy states, whih inlude the Emov-like states that are desribed
further in setion 4.4. In setion 4.5 we disuss ondensation before summing
up in setion 4.6.
4.1 Trapped bosons
In experiments neutral atoms, for instane evaporated sodium atoms [DMA
+
95℄,
are ooled and trapped by lasers, and then held and further ooled in magneti
elds whih interat with the magneti moments of the partiles. In a ommon
set-up, the time-averaged orbiting potential, a stati magneti eld is ombined
with a rotating magneti eld [PS02℄. This eetively generates a harmoni-
osillator eld in whih all partiles move, e.g. for partile i we have
V
trap
(ri) =
1
2
m
(
ω2xx
2
i + ω
2
yy
2
i + ω
2
zz
2
i
)
, (4.1)
where the position of partile i is ri = (xi, yi, zi), and the angular frequenies
along the oordinate diretions q = x, y, z are denoted by ωq. These angular fre-
quenies ωq depend on the magneti moments of the atoms and on the strengths
53
54 Chapter 4. Hyperradial onnement and ondensates
of both the stationary eld and the time-varying magneti eld. Experimen-
tally it is possible to obtain the same eetive frequeny along two axes, x and
y, and a dierent frequeny along the third axis, z. E.g. for 85Rb atoms the
eetive frequenies νq = ωq/(2π) in reent experiments are νx = νy = 17.5 Hz,
and νz ∼ νx/2 [DCC+01℄. In terms of the trap lengths bq =
√
~/(mωq) this is
bx = by = 2591 nm and bz ∼
√
2bx.
We will address the general geometry in hapter 7 and here restrit ourselves
to a spherially symmetri eld, ω = ωx = ωy = ωz, whih leaves a entral
potential
V
trap
(ri) =
1
2
mω2r2i . (4.2)
Put dierently, we treat the axial eld as spherial with ω = 3
√
ωxωyωz as
the geometri mean angular frequeny. A set of parameters whih we will use
frequently is for
87
Rb-atoms with osillator frequeny ν
trap
= ω/(2π) = 200 Hz
[BEG98℄, thus yielding b
t
≡ √~/(mω) = 763 nm. All lengths are then saled
in units of the typial interation range b ≃ 10 a.u., whih leads to b
t
/b ≃ 1442.
In the ase of the free angular solutions from setion 3.2.1, we have λK =
K(K + 3N − 5) with K = 0, 2, 4, . . .. In the general ase, i.e. when we inlude
dependenes beyond the s-waves in one hyperangle, we an replae K with
KN−1 from equation (2.49). The radial solutions are analytially obtained from
equation (2.30) with the radial potential from equation (2.29) with zero oupling
terms. The radial wave funtions are then given by
fn(ρ) = e
−ρ2/(2b2
t
)ρlN,K+1L(lN,K+1/2)n
(
ρ2
b2
t
)
, lN,K =
3N − 6
2
+K , (4.3)
where Ln for n = 0, 1, . . . is the generalized Laguerre polynomial with n radial
nodes. Here lN,K plays the role of a generalized angular momentum due to
the kineti energy of the many-body system. Espeially, l2,0 = 0 reprodues
the familiar behaviour of the harmoni-osillator solutions for the two-partile
system [BJ83℄. The energy is En = ~ω[3(N−1)/2+2n+K]with the subtration
of the entre-of-mass ground-state energy 3~ω/2.
The ground state with n = 0 is usually assoiated with the mode of Bose-
Einstein ondensation, see mean-eld approahes [PS02, PS03℄ or related hyper-
spherial approahes [BEG98, WM99℄. In terms of temperature the ondition for
onset of Bose-Einstein ondensation is that the thermal length sale l
T
given by
k
B
T ∼ ~2/(ml2
T
) is larger than the average distane r¯ between partiles [PS02℄.
For bosons in a trap r¯ ∼ √k
B
T/(mω2)/N1/3, whih yields that ondensation
ours when
k
B
T < N1/3~ω . (4.4)
When this equation is fullled, a large number of atoms prefer the ground
state whih is a signature of the ondensate. The riterion is equivalent to
a suiently large level spaing of the modes of the harmoni osillator. In
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the present thesis we assume no nite-temperature eets, orresponding to a
suiently large level spaing.
In this non-interating piture all quantum modes of the many-boson sys-
tem are represented by single-partile levels. This means that the Bose-Einstein
distribution an be applied to the non-interating single-partile levels. In ge-
neral the interations ompliate matters. In the following setions we disuss
the struture of the radial solutions when interations are inluded, and then in
setion 4.5 return to this problem.
4.2 Radial potential and solutions
The eet of interations for a xed value of the hyperradius was disussed in
hapter 3 in terms of the angular potentials. These in themselves tell only a
part of the story about the many-boson system. As indiated above for the
non-interating ase, the radial equation is the next step in obtaining knowl-
edge about the physial properties. The angular potentials and angular wave
funtions then enter the eetive radial potential and transfer information about
the interations to quantities like energy and size of the system.
For a dilute Bose gas the oupling terms of equation (2.28), whih in the
non-interating ase are identially zero, ontribute at most about 1 % om-
pared with other terms of the full radial equation (2.27). In the following all
oupling terms are therefore omitted and the solutions to the unoupled radial
equation (2.30) are onsidered. This way only the angular potential λ itself
plays a role and additional information from the angular wave funtion Φ(ρ,Ω)
is negleted. We should however bear in mind that oupling terms might play
a role at larger densitites or sattering lengths. The radial potential then on-
sists of three terms, where the repulsive entrifugal barrier and the onning
external eld both are positive. The interation term an be either repulsive
or attrative. The ombination has struture depending on the strength of the
interation.
The lowest potential for the non-interating system, whih was disussed in
setion 4.1, is shown as the thik, dashed line in gure 4.1a for N = 20 partiles.
This has a global minimum at values of the hyperradius given by the trap length,
that is at ρ ∼ ρ
trap
≡√3N/2b
t
. The shemati harater of this non-interating
potential is representative also for a very weak two-body attration and for a
purely repulsive two-body potential. Corresponding solutions are onned to the
region between the innitely large potential walls at small and large hyperradii.
Also shown in gure 4.1a are the lowest two radial potentials for a Gauss-
ian interation with no bound two-body states and a small, negative sattering
length. The deviations from the weakly-interating ase are substantial. For the
lowest (thik, solid line) a seond minimum has developed due to the attration
between the bosons. This dominates at large densities, i.e. at small hyperradii.
A barrier separates this global minimum from another minimum at large hy-
perradii, see details in gure 4.1b. This seond minimum almost oinides with
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Figure 4.1: a) Radial potentials U0 (thik, solid line) and U1 (dotted line) from
equation (2.29) orresponding to the lowest two angular potentials for N = 20,
as/b = −0.5, and bt/b = 1442. The thik, dashed line shows the lowest non-
interating potential, that is with λ = 0. Horizontal lines show the lowest two
energy levels in U0. b) Details at larger hyperradii with the next nine energy
levels in U0. Here U0 and the urve for non-interating partiles are hardly
distinguishable.
the minimum for the non-interating ase and these are hardly distinguishable
in the gure.
With this potential the diagonal radial equation is solved. The solutions
an be divided into groups related to either the rst or the seond minimum.
The lowest two radial eigenstates in the lowest potential have negative energies,
indiated as horizontal lines in gure 4.1a, and the hyperradial wave funtion
is loated in the global minimum at relatively low hyperradii. They are truly
bound states as they annot deay into ontinuum states at large hyperradii.
Their properties are independent of the external trap whih only has an inu-
ene at muh larger distanes. These self-bound N -body states might deay
into lower-lying states onsisting of various bound luster states, e.g. a number
of diatomi or triatomi lusters. We disuss this further in hapter 6. The pos-
sibility of self-bound many-body systems even though the two- and three-body
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subsystems are unbound is also disussed by Bulga [Bul02℄, who, however,
onsiders a three-body interation strength as a determining parameter for the
properties of the self-bound many-boson system.
The group of states in the higher-lying minimum all have positive energies.
These radial eigenstates are loated in the trap minimum at larger hyperradii,
see gure 4.1b, with approximately equidistant spaing as for the non-interating
osillator. The lowest of these trap states an be interpreted as the state of
the ondensate. Thus, the struture of the trap states is similar for eetively
attrative and repulsive interations, i.e. for positive and negative sattering
lengths. However, an attration produes a series of lower-lying states at smaller
hyperradii.
The radial potential U1 orresponding to the seond adiabati potential λ1
is shown as the dotted line in gure 4.1. This ontains larger ontributions from
hyperangular kineti energy, but still has a seond minimum at small hyperradii.
Otherwise the struture is the same with a barrier and a loal minimum at larger
hyperradii.
Inreasing N leaves quantitatively the same features for pure repulsion. At-
tration leads to a dereasing barrier at intermediate hyperradius and at some
point this barrier vanishes altogether. At the same time the attrative minimum
at smaller hyperradius beomes deeper. This leads to an inreasing number of
bound states in this minimum as a funtion of N . Figure 4.2 shows U0 for
a larger number of partiles, N = 100, and doubled sattering length. The
inreased eetive attration is pronouned at large densities, that is at small
ρ. The barrier height is now small ompared to the potential depth at small
hyperradii. The rather deep and narrow minimum ours for N = 100 about
150 times the range of the interation. This orresponds to a root-mean-square
two-body distane of about 15 times the interation range b.
As the sattering length inreases, the barrier disappears and the eetive
potential inside the trap approahes the ρ−2 behaviour harateristi for Emov
states. We return to a disussion of suh states in setion 4.4.
We also study the hyperradial wave funtion F whih tells about the root-
mean-square displaement r¯R from the entre of the system dened by
r¯2R ≡
1
N
N∑
i=1
(ri −R)2 = ρ
2
N
. (4.5)
It is shown in gure 4.3 for various sattering lengths. The thik, solid urve
shows the non-interating result. When interations are inluded, the expeted
result turns up, i.e. that repulsion fores the partiles away from the entre
whereas the opposite holds for attration.
4.3 Self-bound many-body states
Sine the external eld is negligible when ρ ≪ √Nb
t
, the radial potential is
negative when λ + (3N − 4)(3N − 6)/4 < 0 and ρ is suiently small. Then
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Figure 4.2: a) Radial potential U0 from equation (2.29) orresponding to the
lowest angular potential for N = 100, as/b = −1, and bt/b = 1442. Also shown
as horizontal lines are the negative energies E0,n, n = 0, . . . , 46, in the lowest
potential in the unoupled radial equation (2.27). b) Detail at larger hyperradii.
The energy of the rst osillator-like state is shown as a horizontal line lose to
zero.
self-bound many-body states with negative energies and nite extensions are
possible. The radial equation orresponding to the relatively weak attration
between the twenty bosons in the potential shown in gure 4.1 has two negative-
energy solutions with the wave funtion loated in the global negative minimum.
With the parametrization in equation (3.38) gure 4.4 shows the analytial
radial potential, equation (2.29), orresponding to one of the angular eigenvalues
from gure 3.11. The radial potential is negative in a large range of hyperradii,
whih an be divided into three dierent regions. For small hyperradii, region 1,
the radial potential has a minimum. For intermediate hyperradii, Emov region,
the angular potential is onstant and therefore the radial potential behaves as
−1/ρ2. This is from gure 3.11 seen to appear for ρ/b between 102 and 104.
For large hyperradii, region 2, that is when ρ ≥ N7/6|as|, the angular potential
behaves as −1/ρ, so the radial potential vanishes as −1/ρ3. Finally the trap
∝ ρ2 dominates with positive ontributions at large hyperradii ρ≫ √Nb
t
.
With the method desribed in [KMW02℄ it is possible to estimate the number
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Figure 4.3: The probability distribution |F0|2 for the rms separation from the
entre of the system r¯R dened by r¯
2
R ≡
∑N
i=1(ri−R)2/N = ρ2/N for N = 20,
b
t
/b = 1442, and sattering lengths indiated as as/b. The angular potential
was obtained from the parametrization in equation (3.38) for as < 0 and from
λδ for as > 0. The normalizations are dierent.
N of bound states in the dierent regions, i.e.
N ≃
√
2m
π~
∫
dρ
√
|U (−)(ρ)| , (4.6)
where U (−)(ρ) denotes the negative part of the radial potential U(ρ). The bound
states in this potential an be divided into groups aording to their hyperradial
extension. The total number of suh states is written as N = N1 + NE + N2
where N1, NE, and N2 are the number of states loated respetively in the
attrative poket at small hyperradii, in the intermediate −1/ρ2 region, and at
hyperradii large ompared with the sattering length.
The analyti expressions for the angular potential from equations (3.37) and
(3.38) yield the rude estimate that the number of self-bound states in the
poket is N1 ≃ 1.3N3/2. The outer region supports bound states when the trap
length b
t
is suiently large, that is b
t
≫ N |as|, and analogously the number
is estimated to be N2 ≃ 0.78N7/6. The intermediate region is onsidered in the
following setion.
4.4 Emov-like many-body states
When the sattering length is large, the three-body system exhibits the so-
alled Emov eet [E70℄ where many bound three-body state turns up. In
the following we envistigate the properties of the many-body system in this
Emov regime. Muh of the formulation is quite similar to that in a reent
desription of three-body Emov states [NFJG01℄.
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Figure 4.4: Analyti radial potential obtained from equations (2.29) and (3.38)
for N = 100, as/b = −104, and bt/b = 1442.
A large sattering length implies through the eigenvalue from equation (3.38)
an intermediate region in hyperradius where the angular potential is almost
onstant, see setion 3.4.2. More speially, when
b <
ρ
N7/6
< |as| , (4.7)
then equation (3.39) yields λ ≃ λ∞ = −1.59N7/3 and two of the terms in the
radial equation add to a negative value. At the threshold for binding of the
two-body system, i.e. |as| =∞, the radial potential in equation (2.29) then has
the form
U(ρ) ≃ ~
2
2m
(−ξ2 − 1/4
ρ2
+
ρ2
b4
t
)
, (4.8)
ξ2 ≡ −λ∞ − (3N − 4)(3N − 6)
4
− 1
4
N≫1−→ 1.59N7/3 . (4.9)
This implies that no repulsive barrier is present. Then the eetive potential
behaves as −ρ−2 until the trap dominates.
Figure 4.5 shows the radial potential for N = 20 and innite sattering
length orresponding to λ∞ ∼ −1340 or ξ2 ∼ 584. Deviations from the form in
equation (4.8) are only present at small hyperradii due to the nite range of the
interation.
Without the external ρ2 potential the 1/ρ2 potential in equation (4.8) would
produe innitely many radial solutions to the non-oupled radial equation (2.30).
The radial wave funtion for these states would behave like
f∞(ρ) =
√
ρ sin
[
|ξ| ln
(
ρ
ρ
s
)]
, (4.10)
with some hyperradius sale ρ
s
. The energies and mean-square hyperradii for
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Figure 4.5: The lowest radial potential for N = 20, |as| =∞, and bt/b = 1442.
The horizontal lines indiate the 69 lowest energy eigenvalues, with 30 below
zero and 39 very lose-lying above zero. The inset relates their mean-square
hyperradii with the absolute values of their energies. The lowest state has
2mb2E0/~
2 ≃ −0.0147 and √〈ρ2〉0/b ≃ 136.
suh states are related by
En = − ~
2
2m〈ρ2〉n
2
3
(1 + ξ2) , En = E0e
−2pin/|ξ| , (4.11)
where the exponential dependene on the strength ξ of the eetive potential
and the number n of the exited state is highlighted. This relation an be
written as
En
En+1
=
〈ρ2〉n+1
〈ρ2〉n = e
2pi/|ξ| . (4.12)
With inreasing quantum number these states beome exponentially larger with
exponentially smaller energies approahing zero.
Around thirty states with this harater are obtained for the potential in
gure 4.5. The lower urve in the inset of gure 4.5 illustrates the relation in
equation (4.12), and aordingly many states are in this log-log plot represented
by a point on the straight line with slope −1. The very lowest states deviate
due to the attration at small ρ, and the states lose to E = 0 deviate due to
the external potential. The denser positive energy spetrum in the upper part
of the inset approahes a straight line with slope +1 as expeted for a harmoni
potential. Using equation (2.2) we get 2〈ρ2〉 = (N − 1)〈r212〉 ≃ 2(N − 1)〈r21〉.
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Even the most bound state with 〈ρ2〉1/2 ≃ 136b then has a root-mean-square
(rms) distane between two partiles 〈r212〉1/2 ≃ 44b, whih is muh larger than
the interation range. Also the rms distane from the entre of the trap 〈r21〉1/2 ≃
31b is large.
The intermediate region responsible for the onstant λ is only present when
the sattering length is relatively large, i.e. when relation (4.7) is obeyed. This
orresponds to hyperradiii larger than ρ
min
= N7/6b and smaller than ρ
max
=
N7/6|as|. The number of Emov-like states NE loated in this region is then by
equation (4.6) given as
N
E
≃ |ξ|
π
ln
(
ρ
max
ρ
min
)
≃ 0.40N7/6 ln
( |as|
b
)
, (4.13)
where equation (4.9) yielded the last estimate. The number of Emov-like
states N
E
inreases strongly with N . This assumes that the external trap has
no inuene on the hyperradial potential for ρ < ρ
max
. However, when the trap
length b
t
is suiently small, that is when ρ
trap
=
√
3N/2b
t
< N7/6|as|, the
extension of the plateau is trunated at large hyperradii. The number of states
is then estimated by substituting ρ
max
with ρ
trap
in equation (4.13). This yields
N
E
≃ 0.40N7/6 ln
(√
3/2b
t
N2/3b
)
. (4.14)
When the trap length is large and does not terminate the plateau at large
distanes, the mean-square hyperradii of the rst and last Emov-like states are
of the order ρ2
min
∼ N7/3b2 and ρ2
max
∼ N7/3|as|2, respetively. Equation (4.11)
then yields the energies of the rst and last Emov-like states
E
rst
∼ − ~
2
2mb2
, E
last
∼ − ~
2
2m|as|2 . (4.15)
These energies are independent of the partile number N and remind of the
kineti-energy sale of strongly bound two-body states and the two-body binding
energy, respetively. However, the rms distanes r¯ between two partiles in these
many-body states are not given by b and as. In fat, r¯ ontains an additional
N -dependent fator, i.e. r¯ ≃ N2/3b,N2/3|as| for the two ases. These onstant
energy limits imply that the density of Emov-like states inreases with the
partile number.
These many-body states arise when the two-body sattering length is large.
This is the ondition for the ourrene of the three-body Emov states [E70,
FJ93℄, that show harateristi properties similar to equations (4.10), (4.11), and
(4.12). The author and o-workers therefore proposed to all the many-body
states with similar attributes for many-body Emov states [SFJ02a℄. A more
orret name is probably Emov-like many-body states sine some denitions of
the term Emov state read that innitely many N -body bound states our
when the N − 1-body system is on the threshold for binding. Aording to
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Amado et al. [AG73℄ there is no Emov eet for four or more partiles in
the sense that being on the threshold for binding in the N − 1-body system
does not produe innitely many N -body bound states when N > 4. This
statement is not in ontradition with the Emov-like states disussed here
sine the present Emov-like N -body states our when the two-body system,
and not the N − 1-body system, is on the threshold for binding. However, the
quoted remark reminds us that the three-, four-, . . . , N − 1-body systems are
also bound and that many of the N -body states might be resonanes embedded
in the ontinua of dimer, trimer, and higher-order luster states. They ould
be artifats of the model where only speial degrees of freedom are treated,
and where we reall the possible hanges due to larger oupling terms for large
sattering lengths. However, beause the partiles are far from eah other and
ouplings to the ontinuum states therefore ould be weak, some of these states
might be distinguishable strutures whih ould be relatively stable. We return
to suh onsiderations in setion 6.2.4.
4.5 Trap states and the ondensate
In the non-interating ase hyperradial many-body states are loated in the
potential minimum reated by a ompetition between the kineti energy and
the external trap. Similar behaviours were seen in the ases of repulsion and
attration, see for instane in gure 4.1 the exited states above the lowest two
loated in the minimum at large hyperradii. The orresponding density prole
of the lowest trap state is similar to that obtained in experiments reating Bose-
Einstein ondensates [DGPS99℄. We an therefore all this trap state for the
ondensate or dene a ondensate by the typial signatures of the lowest state
loated in this minimum due to the external trap.
The attration produes lower-lying many-body bound states with an av-
erage distane between the partiles muh smaller than in the ondensate-like
state. The struture of these states ould as well be haraterized as a on-
densate (ondensed N -body state), but they are muh more unstable due to
the muh larger density and the larger reombination probability. These lower
states have no parallels in mean-eld omputations.
Through the derived adiabati potential the two-body unbound mode is
responsible for the properties of atomi Bose-Einstein ondensation where no
lusterization is allowed. We fous on the state of the ondensate in the seond
minimum and in the present work only use the lower-lying negative-energy states
in onnetion with the possible deay of the ondensate. However, rst we
disuss a denition of a ondensate state in the present ontext.
4.5.1 A denition of ondensate
In mean-eld treatments, with repulsive two-body potentials and onning trap
potentials, the ondensate is uniquely dened as a statistial mixture of single-
partile states with the ground state dominating [PS02, Pou02℄. This many-
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body state is mainly determined by the properties of the trap. It is at best
only approximately stationary due to the negleted degrees of freedom whih
allow energetially favored di- and tri-atomi luster states. This instability
is also an experimental fat seen by permanent loss of trapped atoms, e.g. in
reombination proesses [DCC
+
01℄.
Without any two-body interation the properties of the many-body system
is determined by the thik, dashed potential urve in gure 4.2. Then the
ondensate is a physial state dominated by the ground-state omponent. With
attrative interations (full urve) the deep minimum at small hyperradius is
produed. Then the ground state, loated in this minimum, has nothing to do
with a ondensate. The density is so high that ouplings to other degrees of
freedom would develop higher-order orrelations and proesses like three-body
reombinations would quikly destroy the single-atom nature of the gas. This
ground state, before or after reombinations, does not show the signature of a
Bose-Einstein ondensate where many partiles oupy one single-partile level.
The formulation in the present work does not use the onept of single-
partile levels. Therefore we annot talk about a statistial distribution of
partiles with the majority in the lowest state. However, we an talk about
a many-partile system desribed as a superposition of many-body eigenstates
where the lowest states are favored in thermal equilibrium. To larify, a quantum
state is given as the superposition of eigenstates Ψn(ρ,Ω) from equation (2.26):
Ψ
quantum state
(ρ,Ω) =
∞∑
n=0
cnΨn(ρ,Ω) =
∞∑
n=0
cn
∞∑
ν=0
Fν,n(ρ)Φν(ρ,Ω) , (4.16)
with the normalization
∑∞
n=0 |cn|2 = 1. The spatial extension of a onden-
sate must be suiently large in order to exeed a ertain minimum interpar-
tile distane d

below whih the atoms are too lose and reombine very fast.
This distane depends on the sattering length and on the number of partiles.
Therefore, a state annot be haraterized as a ondensate if omponents with
〈r212〉 ≪ d2 are dominating ontributions in the wave funtion.
One of the stationary states in this model an be dened as the ideal on-
densate state, i.e. the state of lowest energy with one omponent, labeled by
the quantum numbers ν

and n

, whih has
〈r212〉ν,n & d2 . (4.17)
When no bound two-body states are inluded in the model, this ideal state is
determined by the adiabati omponent in the lowest angular potential, that
is ν

= 0. On the other hand, the states of lowest energy with ν = 0 might
have an average partile distane less than dc. The appropriate hoie among
these exited states depends on the number of partiles and on the sattering
length. The ideal state is then haraterized by one dominating omponent,
that is ν

= 0, |cn

| ≃ 1, and |cn6=n

| ≪ 1. If it is impossible to distinguish
states with these features, it probably makes little sense to dene a ondensate.
The possible states would be too unstable.
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If d

is signiantly smaller than b
t
, then the state of lowest energy loated
in the seond minimum an be identied as the ondensate. This state is hara-
terized by a radial wave funtion F (ρ) with the root-mean-square (rms) radius
〈ρ2〉1/2 approximately equal to the hyperradius at the seond minimum of the
adiabati potential U0(ρ).
Figure 4.6a shows the rms interpartile distane r¯n given by r¯
2
n ≡ 〈r212〉n =
2〈ρ2〉n/(N − 1) for the lowest exited states, labeled by n, in the potential of
gure 4.2. All states with n ≤ 46 have 20b ≤ r¯n ≤ 100b, whih implies that the
partiles are well outside the range of the interation with eah other. Whether
the average distane qualies a state as a ondensate depends on the deay rate
of this state. From gure 4.6b it is seen that the abrupt hange in rms distane
does not inuene the energy whih hanges smoothly for the states in question.
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Figure 4.6: a) The root-mean-square distane r¯ for ν = 0 as a funtion of the
hyperradial quantum number n for N = 100, as/b = −1, and bt/b = 1442. b)
The energy E for the same ase.
For the positive-energy states (n ≥ 47) the average partile distane now
exeeds 2000b, that is r¯2 ≃ 3b2
t
whih approximately is obtained in the limit
of a non-interating gas. This investigation repeated for the higher adiabati
potentials ν ≥ 1 results in the same pattern (not shown), although there are
fewer states with small interpartile distane.
In setion 6.2 we return to a disussion of the appropriate value for d

, whih
then would haraterize these states as ideal for a ondensate or not.
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4.5.2 Interation energy
The total energy of a state in the rst minimum only depends on the interation
sine this state is bound even in the absene of the external eld. Suh a
state has no analogue in mean-eld alulations. Total energies of states in the
seond minimum are dominated by the ontribution from the onning eld and
therefore are rather insensitive to anything else than this eld. It is then more
informative to study interation energies where the large bakground external-
eld ontribution is removed.
Figure 4.7 shows the interation energy per partile as a funtion of the par-
tile number for a relatively weak attration orresponding to the small sat-
tering length as/b = −0.84. The two rosses for N = 20 (on the left) show
the results from the two-body orrelated model for the lowest adiabati hannel
ν = 0 with quantum numbers n = 7 and n = 8. The interation energy is nega-
tive for the lower state, whereas the shown value for the upper state is positive
due to the extra internal kineti energy. This is repeated for the larger N values
N = 100 and N = 900, i.e. the lowest state harateristi for a ondensate is
shown along with some of the higher-lying states. For N & 950 there are no
trap states sine the barrier has vanished. However, the orrelated solutions are
still stable due to the use of the nite-range potential.
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Figure 4.7: Interation energy as a funtion of N for as/b = −0.84 and bt/b =
1442. The rosses are results of the present hyperspherial alulation for three
numbers of partiles. The quantum numbers are ν = 0 and, for the lowest ross
in eah of the three ases, n

= 7 for N = 20 (N |as|/bt = 0.012), n = 52 for
N = 100 (N |as|/bt = 0.058), and n = 88 for N = 900 (N |as|/bt = 0.52). The
solid urve shows results of the GPE.
We antiipate the mean-eld disussion of hapter 5, i.e. an ansatz for the
many-body wave funtion as a produt of single-partile amplitudes and a zero-
range interation potential lead to the mean-eld Gross-Pitaevskii equation
(GPE). Shown as the solid line in gure 4.7 is the interation energy obtained
from the GPE. For small N values the GPE solution is stable and the related
interation energy is negative due to the attration between the partiles. A
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nearly linear behaviour is observed at small partile numbers sine eah partile
interats with N − 1 other partiles. We observe the similarity between the
mean-eld energy and the energy for the lowest trap state in the hyperspherial
model. As N inreases, the mean-eld attration inreases and a non-physial
ollapse is inevitable. This instability ours for N |as|/bt ≃ 0.55 whih or-
responds to N ≃ 950 with the present set of parameters. There is no stable
solution to the GPE for N |as|/bt > 0.55.
Thus, using the orrelated model we generally observe both ondensate-like
and ollapsed many-boson states. In the present example for relatively few
partiles N , it was easy to distinguish due to the presene of the intermediate
potential barrier. In hapter 6 we disuss the ase of small or vanishing barrier
and in hapter 5 ompare further to the mean eld.
4.6 Summary
The radial potential exhibits features from kineti energy, interations, and
external eld, and thus ombines the information available within the hyper-
spherial model. The struture of the system depends mainly on the sattering
length and the trap length. Conned many-body states of negative energy may
our even without an external onning potential. This is possible when the
eetive attration between the bosons is suiently large.
Self-bound states with properties similar to the three-body Emov states
our when the sattering length is very large ompared to the range of the
interation. These states may still have relatively low density and thus avoid
the instant ollapse due to three-body reombinations. This will be further
addressed in hapter 6.
A desription of the ondensate as eetively a non-self-bound many-body
state onned by the external trap is possible within this hyperspherial treat-
ment. Then the average properties are omparable to those of the mean-eld
treatment, as we shall see in more detail in the following hapter. So, the main
eet of orrelations is to allow the Emov-like many-body states, and the -
nite interation range prevents an innite ollapse of the system as the density
inreases.
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Chapter V
Mean eld and validity
The mean eld provides a study of the average properties of a many-boson
system. Setion 5.1 rst presents some features of the mean-eld method, then
disusses density-dependent interations, and nally ompares mean-eld results
with the results from the orrelated model. Setion 5.2 ontains a disussion of
the ranges of validity for both models.
5.1 Comparison to mean eld
When studying a dilute system of partiles, the rst approah is usually to apply
a mean-eld method where the many-body wave funtion for idential bosons
is fatorized into one-partile amplitudes ψ as desribed in setion 2.3.1. This
often leads to the non-linear Gross-Pitaevskii equation (GPE) [Pit61℄, where the
single-partile funtion enters as a properly normalized single-partile density
|ψ(r1)|2. In the stationary ase the GPE is written as
[
− ~
2
2m
∂2
∂r21
+
1
2
mω2r21 +
4π~2as
m
(N − 1)|ψ(r1)|2 − µ
]
ψ(r1) = 0 , (5.1)
where m is the mass of the partiles, ω is the angular frequeny of an external
trapping potential, and as is the two-body s-wave sattering length. The eigen-
value of this equation is the hemial potential µ whih is related to the total
energy E
total
by µ = ∂E
total
/∂N .
The GPE was applied to a desription of experiments with trapped alkali
atoms [EB95, BP96℄ and is now routinely solved for the density prole of a
ondensate [DGPS99, PS02, PS03℄ and for the dynamial evolution of a on-
densate with the time-dependent version of equation (5.1) [AM02℄. Proukakis
et al. [PBS98℄ derived a non-linear Shrödinger equation from a mirosopi
treatment of binary interations and in the low-density limit obtained the GPE.
The under-lying assumptions are valid when the sattering length as is small
ompared to the inter-partile separations [LS02℄, i.e. when n|as|3 ≪ 1 where
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n is the density.∗ The mean-eld validity ondition is then fullled, whih
means that the mean free path æ given by æ = 1/(na2s) is long ompared to
the average distane whih approximately is n−1/3.† The low-energy sattering
properties expressed by the sattering length are then deisive. In the following
we rst omment on the hoie of interation, then disuss density-dependent
interations, and nally ollet some dierenes between the results from the
mean-eld method and the hyperspherial adiabati method.
5.1.1 Two-body interations
The origin of the interation term in the Gross-Pitaevskii equation (GPE) is the
approximation∫
dr2 V (r2 − r1)|ψ(r2)|2 ≃ |ψ(r1)|2
∫
dr2 V (r1 − r2) (5.2)
for an interation of muh shorter range than the average distane. This integral
is given by the Born approximation to the sattering length as we saw in setion
3.1 ∫
dr2 V (r1 − r2) = 4π~
2
m
a
B
, (5.3)
where the GPE then ours with a
B
replaed by as. The smallness of as om-
pared with the average distane between partiles is the riterion of validity
[Pit61℄. This orresponds to a sattering situation where the wave funtion
hardly hanges due to the sattering, i.e. the wave length is very large orre-
sponding to low energy and low density.
The mean-eld treatment above orresponds to a zero-range interation with
a
B
replaed by as
Vδ(r) =
4π~2as
m
δ(r) , r = r2 − r1 , (5.4)
see also setion 3.1. This limit an be obtained from a nite-range potential
where the range approahes zero and the strength is appropriately adjusted.
The nite-range Gaussian interation of equation (3.7) an be expressed as
V
G
(r) =
4π~2a
B
m
δ
G
(r) , (5.5)
δ
G
(r) ≡ 1
π3/2b3
e−r
2/b2 , 1 =
∫
dr δ
G
(r) . (5.6)
∗
In hapters 5 and 6 n denotes the density and not the hyperradial quantum number as in
hapter 4.
†
The Danish letter æ is pronouned almost like the vowel in the English them or
Thames.
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The Gaussian δ
G
(r) is in the limit when b→ 0 a representation of the Dira δ
funtion. For as = aB we then have
lim
b→0
V
G
(r) = Vδ(r) . (5.7)
However, as = aB is only valid when |aB|/b → 0, whih is rarely the ase, see
gure 3.2.
The aim of omputing reliable energies in the mean-eld approximation an
be ahieved with equation (5.4) for dilute systems [EG99℄. The interation
and the Hilbert spae must be onsistent, that is to say that a renormalized
interation follows a restrited spae to produe the orret energy. In this
ase the Hilbert spae is restrited to the mean-eld produt wave funtion.
Any inlusion of features outside this restrited spae, for example two-body
luster strutures, would be disastrous [FJ01a℄. Maintaining the nite-range
interation with the orret sattering length then results in dierent properties
of the interation even when the range approahes zero on any sale dened
by the problem. Thus, the mean-eld produt wave funtion with a realisti
two-body potential would also lead to wrong results, as we shall see later.
The full Hilbert spae with the orret interation must produe orret an-
swers to any proposed question. Whether a realisti interation ombined with
the present inlusion of two-body orrelations reprodues the main features is
not obvious. However, the investigations in hapter 4 demonstrate that the
energy in the mean-eld approximation for dilute systems is reprodued. This
asymptoti behaviour is determined by the sattering length whih only impli-
itly is ontained in a given ombination of range and strength of the Gaussian
interation. This implies that the Hilbert spae of the model aounts properly
for the orrelations ruial at large separations.
5.1.2 Density-dependent interations
In setion 3.2.4 we studied the angular potential with a zero-range interation
as in equation (5.4). This led to the angular eigenvalue λδ from equation (3.31),
whih in the limit of large densities learly is wrong. A possible treatment at
large densities is to use a nite-range potential with the orret sattering length
as disussed in setion 3.1. However, this immediately requires a treatment be-
yond the mean eld, e.g. by the Jastrow or Faddeev approahes. Another om-
mon approah, espeially in nulear physis [SJ87, CBB
+
03℄, but also for atomi
many-boson systems [LY57, LHY57, BHM02℄, is to expand the interation in
density-dependent terms. In the present ase the two-body interation an be
written as
V (r) = g2(n)δ(r) , (5.8)
where the low-density limit of the oupling strength g2(n) is g2(0) = 4π~
2as/m.
We relate the density n to the root-mean-square (rms) hyperradius ρ¯ ≡√〈ρ2〉. The density is related to the rms separation r¯, whih is dened by
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r¯2 ≡ 〈r212〉, by 1/n ≃ 4πr¯3/3. The relation r¯2 = 2ρ¯2/(N − 1), obtained from
equation (2.2), then yields
n ≃ 3
8
√
2π
N3/2
ρ¯3
. (5.9)
We then replae ρ¯ by ρ and for a xed hyperradius alulate the angular po-
tential as an expetation value of the two-body interations, equation (5.8), in
a onstant hyperangular funtion. This yields
λδn(n) = λδ
g2(n)
g2(0)
, λδn(0) = λδ . (5.10)
The reverse relation yields an expression for the density-dependent oupling
strength, i.e.
g2(n) = g2(0)
λδn(n)
λδ
. (5.11)
We assume that the numerially obtained angular potentials λ, as alulated in
hapter 3 and parametrized in equation (3.38), represent the density-dependent
potential rather well, so we identify λδn with the lowest angular potential for the
ase with no two-body bound states. Here we use the above-mentioned trans-
lation between n and ρ. So gure 5.1a shows for various N values λδn(n)/λδ =
g2(n)/g2(0) as a funtion of the density in the ombination N
2n|as|3.
At low densities the ratio approahes unity whih yields the orret limit
g2 ≃ g2(0). At larger densities the deviations are signiant, and the oupling
strength vanishes altogether as n|as|3 → ∞ sine the nite-range interation
ontains no divergene. Figure 5.1b shows the same quantities for dierent
sattering lengths and the behaviours are onrmed.
When the sattering length is negative and large, n|as|3 ≫ 1/N2, the angular
potential assumes a onstant value λ ≃ λ∞, see equation (3.39) in setion 3.4.
This yields a oupling strength of magnitude
g2(n)
g2(0)
≃ λ∞
λδ
≃ 0.48
N2/3n1/3|as| ≃
0.77r¯
N2/3|as| . (5.12)
In this region the oupling strength dereases linearly with the rms distane r¯
between the bosons. The interation energy per partile in this region is given
by
E
N
≃ 1
2
g2(n)n ≃ −π~
2n2/3
N2/3m
. (5.13)
This is independent of the sattering length. A Jastrow alulation in the denser
region for positive sattering lengths by Cowell et al. [CHM
+
02℄ yielded E/N ≃
13~2n2/3/m, whih reminds of the present result for negative sattering length.
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Figure 5.1: a) The oupling strength in units of the zero-density value as a
funtion of the density for as/b = −10 and various partile numbers. b) The
oupling strength in units of the zero-density value as a funtion of the density
for N = 10 and various sattering lengths. The results are obtained by a nite-
element treatment of the Faddeev-like equation (2.75).
Besides the sign hange and the dierent fator, the present result ontains an
additional dependene on the number of partiles.
This expansion in (n1/3|as|)−1 is in lear ontrast to density-expansions
where the energy funtional is written as expansions in n1/3|as| [LY57, BHM02℄.
Suh a low-density expansion learly diverges at large densities where it is not
intended to work. The present results also need orretions at large densities due
to higher-order orrelations, but they might provide a modied zero-range in-
teration V (r) = g2(n)δ(r) whih ould possibly be implemented in a GPE-like
treatment of systems denser than usually within reah.
In order to avoid ollapse due to an attrative two-body δ interation, some
methods apply a repulsive three-body ontat interation. This an be written
as
V3(r12, r13) = g3(n)δ(r12)δ(r13) , (5.14)
where we allow a density-dependent oupling strength g3. The expetation
value of the three-body interations in a onstant angular wave funtion yields
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the angular potential
λ
3-body
(n) =
√
3
8π2
N(N − 1)(N − 2)(N − 3)
(
N − 5
3
)(
N − 7
3
)
g3(n)m
~2ρ4
.(5.15)
Inspired by Gammal et al. [GFTC00℄ we parametrize the oupling strength as
g3(n) =
g22(0)k3(n)
~ω
, (5.16)
whih for N ≫ 1 yields, in units of λδ,
λ
3-body
(n)
λδ
=
4
√
π
3[ρ/(
√
Nb
t
)]3
Nas
b
t
k3(n) . (5.17)
Gammal et al. [GFTC00℄ use values 0 ≤ k3 ≤ 0.03 whih yields λ3-body/λδ ≪ 1
for a system with ρ ∼ √Nb
t
. However, at larger densities we have λ
3-body
> λδ.
Even though this three-body ontat interation an not aount for the details
when three partiles approah eah other, it might provide a step towards an
expliit inlusion of three-body orrelations.
‡
A treatment of fermion antisymmetry in the hyperangular equations prob-
ably beomes too ompliated when many partiles are involved. However, the
eet of two-body orrelations for fermions might be inluded by a modied
zero-range oupling strength as desribed for bosons above. The density de-
pendene ould possibly be extrated for a few fermions and then applied for a
large number of partiles.
5.1.3 Properties of the wave funtions
In the dilute limit the Hartree wave funtion is losely related to the hyper-
radial funtion and the Jastrow orrelated wave funtion is losely related to
the Faddeev-like deomposition of the wave funtion, see setion 2.3. A diret
omparison of the wave funtions is in general not possible as this requires an
expansion on a omplete set of basis funtions in one of the oordinate systems.
The neessary alulations involve non-reduible high-dimensional integrals.
Instead we use the indiret relations provided in setion 2.3.1 where en-
ergy and average distane between partiles are harateristi features of the
solutions. For a given sattering length the energy E is numerially obtained
for idential bosons as a funtion of the partile number. The interation en-
ergy is next alulated as E − E0 where E0 = 3N~ω/2 is the energy of the
non-interating trapped gas. The results for as/b = −0.84 are shown in g-
ure 5.2a. The disussion of stability whih follows in setion 6.1 shows that in
terms of variational average distane the GPE energy for attrative potentials
has a loal minimum at large average distanes and muh lower energies at small
‡
On this train of thought the work by Bohn et al. [BEG98℄ was an initiation for the present
study of two-body orrelations.
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average distanes. The physially meaningful mean-eld solution is loated in
the minimum at large average distane. This minimum beomes unstable for
suiently large partile numbers. In the example of gure 5.2a no stable mean-
eld solution (solid, thin line) exists for N = 1000. This is onsistent with the
experimentally established stability riterion N |as|/bt < 0.55 [CKT+03℄ as seen
from the upper N |as|/bt-axis.
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Figure 5.2: a) Interation energy as a funtion of N for as/b = −0.84 (aB/b =
−0.5) and b
t
/b = 1442. The thin solid line shows GPE results and the plusses are
obtained from the two-body orrelated model; see also gure 4.7. The dashed
line shows the GPE results for as/b = −0.5. The upper N |as|/bt-axis applies
for as/b = −0.84. b) Mean-square distane between the partiles for the same
ases.
The same gure shows results obtained with the present two-body orrelated
method for three dierent partile numbers (plusses). The orrelated and mean-
eld interation energies are remarkably similar. It may at rst appear odd
that the mean-eld interation energy is marginally lower than by use of the
orrelated wave funtion whih inludes an extra degree of freedom. The reason
is that the mean-eld result is obtained with an eetive interation whih only
in the Born approximation has the orret sattering length, while the orrelated
solution is obtained for an interation with the orret sattering length. The
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mean-eld interation is eetively more attrative as disussed in setion 3.4.
The proper omparison is then a GPE alulation with as/b = −0.5, or-
responding to the Born approximation for a Gaussian of a
B
/b = −0.5 with
true sattering length as/b = −0.84. As seen in gure 5.2a (dashed urve),
now the mean-eld interation energies are numerially smaller. This ompar-
ison does not inlude the negative-energy states supported by the attrative
poket at short distane, see e.g. gure 4.1. They would appear far below the
ondensate-like state shown in gure 5.2a.
Using equations (2.2) and (2.39), we ompare in gure 5.2b 〈r212〉 for the
solutions to the mean-eld approximation and the hyperspherial methods. Also
this quantity is very similar for the two methods, whereas we again observe
the disrepany when we for the GPE method replae as by aB. The mean-
square distane dereases with inreasing partile number for alulations with
an attrative potential. As N approahes 1000, the Gross-Pitaevskii mean-eld
radius approahes zero due to the unavoidable ollapse. The same behaviour is
seen for radii and interation energies, i.e. the average distane between partiles
dereases until the ondensate ollapses and the size vanishes in the mean eld,
while many-body bound states with smaller extension play a role in the present
hyperspherial desription. Then also higher-order orrelations an be expeted
to be essential and result in reombination proesses as will be disussed in
setion 6.2.
In onlusion, for weak interations or very small sattering lengths a sta-
tionary many-body state an be approximated by a produt of single-partile
amplitudes. However, stronger attration between partiles must invoke other
degrees of freedom like lusterization. Then a single-partile desription is not
valid. This is in agreement with general expetations, and thus onrmed with
the present point of departure.
5.2 Validity onditions
We onlude the hapter by estimating validity riteria for the models. Of
speial importane in relation to trapped atomi gases is a radial wave funtion
with rms hyperradius ρ ∼ √Nb
t
. Aurate angular eigenvalues in this region
are therefore ruial for a proper desription. If these hyperradii are suiently
large, that is ρ ∼ √Nb
t
> N7/6|as|, the angular eigenvalue has reahed its
asymptoti value λ ≃ λδ. This ondition is equivalent to N |as|/bt < N1/3,
whih is obeyed by stable systems with N |as|/bt < 0.55 < N1/3.
The dierent models are valid if appropriately designed, i.e. the present two-
body orrelated model reprodues the orret eetive interation for the orret
sattering length for any short-range interation, whereas the Gross-Pitaevskii
equation (GPE) reprodues this same orret eetive interation by using the
Born approximation. Interation energies and sizes would be very similar for
the states orresponding to the ondensate.
From equation (5.9) a given rms hyperradius ρ¯ is related to the density n of
the system by n ∼ N3/2/ρ¯3. The zero-rangemean-eld method (GPE) is usually
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valid for ondensates when n|as|3 ≪ 1, see [CHM+02, PS03℄. Then the number
of partiles within a sattering volume 4π|as|3/3 is on average muh smaller
than one. From the present model, in the zero-range asymptoti region of ρ¯ >
N7/6|as|, we nd that nρ¯3 > N7/2n|as|3 or n|as|3 < 1/N2 ≪ 1, whih means
that the system is very dilute and both the GPE method and the orrelated
method are valid.
For ρ¯ < N7/6|as| the large-distane asymptoti λ ≃ λδ is not valid. This
orresponds to that we annot use a non-orrelated model with the zero-range
interation. This is here interpreted as an indiation of the inadequaies of the
GPE in the region where ρ¯ < N7/6|as| or equivalently where n|as|3 > 1/N2.
This appears dierent than the usual riterion of validity n|as|3 ≪ 1, but ould
potentially speify what is meant by muh smaller than unity.
The present adiabati hyperspherial method with two-body orrelations
expliitly allowed in the form of the wave funtion is valid in the region ρ¯ >
N7/6|as| where orrelations are expeted to be insigniant. The inlusion of
two-body orrelations is expeted to allow smaller hyperradii ρ¯ < N7/6|as|.
When higher-order lusterizations our, any method without orrelations higher
than two-body breaks down. The absolute lower riterion must be that the dis-
tane between two partiles on average exeeds the interation range b, i.e. ρ¯ >
N1/2b. We quote this as the riterion even though expliit alulations might
prove that higher-order orrelations alter the lower limit.
In onlusion, the validity regions for the two-body orrelated method and
the GPE version of the mean eld are estimated to be
ρ¯ >
√
Nb for two-body orrelated method , (5.18)
ρ¯ > N7/6|as| for GPE (the present result) . (5.19)
These relations an with equation (5.9) be expressed via the density as
nb3 < 1 for two-body orrelated method , (5.20)
n|as|3 < 1
N2
for GPE (the present result) , (5.21)
n|as|3 ≪ 1 for GPE (usual expetation) , (5.22)
where we also olleted the usual riterion for validity of the GPE. When the
density is low, both desriptions are valid and the energies are similar. For
larger densities the importane of orrelations inreases and the mean-eld ap-
proximation breaks down. At even higher density also two-body orrelations
are insuient and the partiles may lusterize further.
These onlusions are illustrated in gure 5.3 where the lowest angular eigen-
value for a ase with no two-body bound state and negative sattering length
is ompared to the zero-range angular potential for the same sattering length.
For low density n|as|3 < 1/N2 the eetive energy of the two methods oin-
ide. For larger densities the GPE energy diverges, while the energy from the
nite-range model remains nite. Moreover, it deviates in a region where the
density is still relatively low n|as|3 < 1 so higher-order orrelations, espeially
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Figure 5.3: The lowest angular eigenvalue for as/b = −104, N = 100, and
no bound two-body states (solid line). The dashed urve is λδ for the same
sattering length. The vertial lines indiate regions of dierent density.
three-body, do not play a role yet. As the average distane beomes smaller, we
expet orretions due to higher-order orrelations.
Chapter VI
Marosopi stability and deay
Chapter 4 opened a disussion of the marosopi boson systems known as
ondensates, and a denition of the ondensate was given in the present hy-
perspherial ontext. In this hapter we disuss stability and onsider possible
dynamis, primarily related to this lowest trap state or ondensate. In terms
of the degrees of freedom expliitly inluded in the two-body orrelated model,
setion 6.1 presents a riterion for marosopi stability. This is similar to the
disussion presented by Bohn et al. [BEG98℄. Setion 6.2 ventures into a dis-
ussion of degrees of freedom that in the stritest sense are beyond the present
model. This espeially involves three-body reombination events that poten-
tially ignite dynamis of the system as one marosopi whole.
6.1 Stability riterion
Marosopi instability of systems of bosons has been investigated thoroughly
the last eight years. Marosopi stability for a Bose-Einstein ondensate (BEC)
means that the BEC state is well dened and has a suiently long lifetime
when onsidering possible deay modes. In this sense it was originally ex-
peted that Bose-Einstein ondensation ould not be realized for atoms with
eetively attrative interations. However, this was ahieved in 1995 for
7
Li
atoms [BSTH95℄. Sine then numerous experiments, e.g. [RBC
+
01, CKT
+
03℄,
have tested the ritial region. Also the ollapse proess itself has been studied
[SGWH99, DCC
+
01, RCC
+
01℄.
The riterion for stability of a system with negative sattering length as
an be expressed as a ritial ombination of the number of partiles, the sat-
tering length, and the trap length b
t
≡ √~/(mω), where ω is a geometri
mean, see setion 4.1. Reently it was measured that when N |as|/bt > 0.55,
a ondensate of
85
Rb-atoms is unstable [CKT
+
03℄. This an be understood
as a ompetition between the kineti energy whih is eetively repulsive and
the two-body attrative interation. When the kineti energy subdues the net
attration, a meta-stable system with signatures of a ondensate exists. The
number of kineti-energy terms equals the number of partiles N and the num-
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ber of interations equals the number of partile pairs N2/2. Therefore, as N
or the sattering length as inreases, the interations at some point win and
for attration lead to ollapse. When the trap length b
t
is small, the system is
ompressed too muh and is aording to the riterion unstable. This means
that the interations win at larger densities.
In the mean eld this an be formulated variationally with a Gaussian-
Hartree amplitude with a variational width w, i.e. ψ(r1) = exp[−r21/(2w2)], see
also Pethik and Smith [PS02℄. The kineti energy per partile is proportional
to 1/w2, the external eld energy w2/b4
t
, and the interation energy Nas/w
3
.
This leads to the variational total energy
2m
~2
E
total
(w) =
3N
2w2
+
3Nw2
2b4
t
+
√
2
π
N2
as
w3
. (6.1)
This yields energy urves in the length sale w, analogous to the hyperradial
potential urves in hapter 4, whih has stable points for a suiently weak
attration. The ritial value is then found to be about 0.67 [DGPS99, PS02℄.
More detailed analysis of the Gross-Pitaevskii equation (5.1), inorporating time
dependene, yields a value of 0.55 [GFT01℄ in agreement with the experimentally
measured value [CKT
+
03℄.
By analogy with the mean-eld disussion we here take a loser look at the
derivation of the stability riterion in the hyperspherial frame. This is also
equivalent to the derivation performed by Bohn et al. [BEG98℄. The riterion
is obtained by estimating when the radial barrier disappears. The eetive
hyperradial potential U(ρ) from equation (2.29) an in the asymptoti region
when ρ > N7/6|as|, that is when λ ≃ λδ from equation (3.31), for N ≫ 1 be
written as
2mU(ρ)
~2
=
9N2
4ρ2
+
ρ2
b4
t
+
√
2
π
N2
(
3N
2
)3/2
as
ρ3
. (6.2)
If we resale equation (6.2) with ρ =
√
3N/2w, this hyperradial potential is
idential to the mean-eld variational energy from equation (6.1), i.e. U(w) =
E
total
(w). For a large and negative as or a large value of N there is no stable
region in suh a potential. In general, a potential of the form
u(x) =
A
x2
+Bx2 − C
xp
, {A,B,C} > 0 , (6.3)
diverges to +∞ as x → ∞ and if p > 2 to −∞ as x → 0. For a suiently
small onstant C there will always be a loal minimum. There will be no loal
minimum when p ≥ 2 and
C >
8
p(p+ 2)
A(p+2)/4
B(p−2)/4
(
p− 2
p+ 2
)(p−2)/4
. (6.4)
For the present ase the power p is given by p = 3 and A, B, and C are given
by omparing equations (6.2) and (6.3). Then the radial potential for negative
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sattering length has a loal minimum only when
N |as|
b
t
<
2
√
2π
55/4
≃ 0.67 . (6.5)
This is idential to the value obtained variationally from the mean eld sine
the as-only dependene at large hyperradii orresponds to the mean eld with
a zero-range interation, as disussed in hapter 3 and diretly evident by om-
paring equations (6.1) and (6.2). This gives the right order of magnitude of the
ritial ombination of partile number, sattering length, and trap length. The
disrepany from the experimental value an be aounted for by the deforma-
tion of the external eld and the zero-point energy from motion in the trap.
This will be disussed in hapter 7.
The riterion is in gure 6.1 illustrated by the radial potential, with the an-
gular eigenvalue obtained from equation (3.38), as a funtion of the hyperradius
for a series of dierent partile numbers and sattering lengths. The strongly-
varying short-distane dependene is omitted to allow fous on intermediate
and large hyperradii. When an intermediate barrier is present, the ondensate
is desribed as the state of lowest energy loated in the minimum at large hy-
perradius. This minimium exists for as < 0 when N |as|/bt < 0.67 as established
above.
In gure 6.1a-6.1d the partile number is xed at N = 6000 while only the
sattering length as varies. In gure 6.1d-6.1f the sattering length is xed at
as/b = −0.35 and N is varied. In gure 6.1a the two-body interation is zero,
that is as = 0, whih leads to a vanishing lowest angular eigenvalue λ = 0.
The eetive radial potential then onsists only of the entrifugal barrier and
the external eld with one minimum. In gure 6.1b an attrative potential with
as = −0.05b is suiently strong to overompensate for the entrifugal repulsion
and reate a seond minimum in the radial potential at smaller hyperradius; the
nal divergene U(ρ) → +∞ when ρ → 0 is not inluded in the sale of the
gure. An intermediate barrier is left between the two minima at small and
large hyperradii. A further inrease of the attration in gure 6.1 removes the
barrier while leaving a smaller at region. The negative-potential region around
the minimum at small hyperradius is now even more pronouned. This tendeny
is ontinued in gure 6.1d with a stronger attration. With the sattering length
from gure 6.1d, i.e. as = −0.35b, and a dereasing number of partiles the
intermediate barrier is slowly restored. In gure 6.1e for N = 3000 a barrier is
about to our, and in gure 6.1f for N = 500 an intermediate barrier is again
present between a minimum at small and large hyperradii.
The disussion in this setion involved the stati properties of states loated
in the loal minimum at large hyperradii. Other fators are important when we
in the following setion to some extent inlude time dependene.
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Figure 6.1: Radial potentials with b
t
/b = 1442 and a) N = 6000, as = 0;
b) N = 6000, as/b = −0.05; ) N = 6000, as/b = −0.18; d) N = 6000,
as/b = −0.35; e) N = 3000, as/b = −0.35; f) N = 500, as/b = −0.35. The
dashed lines are obtained with as = 0.
6.2 Deay
The Bose-Einstein ondensate (BEC) is intrinsially unstable and deays spon-
taneously, e.g. into lower-lying dimer states. Reombination of two partiles
into a lower-lying state is possible by emission of a photon, but the rate is en-
haned when a third partile is involved instead of the photon. This three-body
reombination proess inevitable ours in a system of bosons when at least one
two-body bound state exists. This has been suggested to be important for a
BEC [Adh01, US03℄. The related hange of the surrounding medium ould lead
to an instability whih involves many partiles, and thus result in muh faster
deays whih ould be desribed as a ollapse [Adh02b℄.
Figure 6.2 illustrates the dierent behaviours by using the angular eigen-
values parametrized through equations (3.37) and (3.38). In gure 6.2a the
sattering length is relatively small and a large barrier separates the outer mi-
nimum from the inner region. When the sattering length inreases, the barrier
dereases rst into a relatively at region as in gure 6.2b and then disappears
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ompletely as in gure 6.2 when the trap length is exeeded.
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Figure 6.2: The radial potential from the parametrization for N = 100, b
t
/b =
104, and a) as/b = −6, b) as/b = −50, and ) as/b → −∞. The shown wave
funtion is the lowest radial solution in the non-interating ase. The horizontal
lines in parts a) and b) indiate an energy level (not to sale).
The disussion of marosopi dynamis in this piture involves various iso-
lated ideas whih lead to simple deay rates. These are then inorporated in a
desription of the experimental ollapse situation.
6.2.1 Three-body reombination
The ondensate state is unstable due to the ouplings into degrees of freedom
dierent than the oherent many-body mode. The formation of bound-state
dimers is possible by a three-body proess where the third partile ensures on-
servation of energy and momentum. The number of these three-body reom-
bination (re) events per unit volume and time an be estimated by the upper
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limit given in [NM99, BBH00℄:
ν
re
≃ 68~|as|
4n3
m
, (6.6)
where n is the density. This expression an be onverted into an estimate of the
reombination rate for a given root-mean-square (rms) hyperradius ρ¯ ≡ √〈ρ2〉
by using the relation between density and rms hyperradius from equation (5.9),
i.e. n ≃ 3N3/2/(8√2πρ¯3). With the volume V = N/n the total reombination
rate then is
Γ
re
~
= ν
re
V ≃ 0.5N
4
~|as|4
mρ¯6
. (6.7)
The reombination rate inreases rapidly with dereasing ρ¯, as indiated by the
vertial arrows in gure 6.2 where we interhange ρ and ρ¯ to illustrate this eet.
If N(t) is the number of partiles present in the oherent many-body state
as time t goes by, the reombination time sale τ
re
an be dened by N(t) =
N(0) exp(−t/τ
re
). This leads to the rate Γ
re
/~ = −dN/dt = N/τ
re
, so
τ
re
=
N~
Γ
re
≃ 2mρ¯
6
N3~|as|4 ≃
mr¯6
4~|as|4 . (6.8)
Sine the ondensate forms in the external trap, the systemmust be stable versus
reombination events on a time sale τ
trap
whih is given by the osillator time
sale 2π/ω, that is τ
re
> τ
trap
≡ 2π/ω. With the relation 1/ω = mb2
t
/~ the
riterion for a stable ondensate beomes
r¯ >
6
√
8π|as|2/3b1/3
t
= d

. (6.9)
Here an expression for the minimal separation d

, as introdued in setion 4.5.1,
is obtained. In units of b
t
we have
d

b
t
=
6
√
8π
( |as|
b
t
)2/3
, (6.10)
where the determining ombination is |as|/bt.
Thus, for |as|/bt ≪ 1 also d/bt ≪ 1. The rms distane r¯ for a state loated
in the seond minimum is of the order b
t
and therefore r¯ > d

, i.e. for this state
r¯ is larger than the ritial stability length d

. This state then qualies as a
ondensate. For
87
Rb atoms with as ≃ 100 a.u. and trapped in a eld with
ν
trap
≃ 100 Hz, we obtain τ
re
∼ 7 days.
6.2.2 Marosopi tunneling and reombination
The seond deay proess is marosopi tunneling through the small barrier
as indiated in gure 6.2b. The model provides stationary eigenstates whih by
denition are time independent. Thus, stritly the states do not tunnel through
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the barrier. However, an exponentially small tail extends to small hyperradii or
large density. All partiles thus approahing eah other would reombine into
moleular lusters beause the density is very large in the inner region. The
rate of this two-step deay with tunneling through the barrier and subsequent
reombination is determined by the bottlenek. The rate of reombination due
to marosopi tunneling an be estimated by [BEG98℄
Γ
tunnel
~
≃ Nνtunnel
1 + e2σ
, ν
tunnel
=
1
2π
√
1
m
d2U(ρ)
dρ2
∣∣∣∣
ρ
min
, (6.11)
σ =
∫ ρ
out
ρ
in
dρ
√
2m
~2
[
U(ρ)− E
]
, (6.12)
where the multipliation by the fator N gives the total number of reombined
partiles. Here ρ
min
is the position of the seond minimum of U , and ρ
in
and
ρ
out
are the points where the barrier height equals the energy E.
When N |as|/bt ≪ 1, the barrier is large and the very small rate an be
estimated through equations (6.11) and (6.12). The ation integral is then large
and given by
σ ≃ 3
2
N ln
(
b
t
N |as|
)
. (6.13)
Classial turning points of the potential are present whenN |as|/bt ≤ 0.53. Close
to this threshold, i.e. when the barrier is small, the exponent is
σ ≃ 1.7N
(
1− N |as|
0.53b
t
)
, (6.14)
whih is valid when N |as|/(0.53bt) is lose to unity.
At the threshold for marosopi stability then N |as|/bt ∼ 0.5, whih due
to the fator of N implies that |as|/bt ≪ 1. Close to this threshold we have
r¯ ∼ b
t
≫ d

, whih means that the average distane between the bosons is so
large that the three-body reombination is slow ompared to the typial time
sale for osillation in the harmoni-osillator trap. Therefore, the three-body
reombination does not limit the marosopi stability of a ondensate. In the
limit σ ≪ 1 we get expliitly
Γ
re
Γ
tunnel
≃ 1
7.0N4
≪ 1 , (6.15)
implying that the marosopi tunneling proess dominates. With σ ≪ 1 then
Γ
tunnel
/~ ≃ 0.5Nν
tunnel
and ν
tunnel
≃ ν
trap
, whih yields a tunneling time of
about 1/ν
trap
. For the ase with ν
trap
≃ 100 Hz the marosopi tunneling time
sale is 10 ms. This is muh smaller than the three-body reombination time
sale whih lose to stability is given by the reiproal of equation (6.15), that
is
τ
re
τ
tunnel
=
Γ
tunnel
Γ
re
≃ 7.0N4 ≫ 1 . (6.16)
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The three-body reombination rate is in gure 6.3 shown as a funtion of
the hyperradius (solid urve) and ompared with the marosopi tunneling rate
(dashed urve) where all partiles in the ondensate simultaneously disappear
during ontration. At small hyperradii the three-body reombination rate is
muh larger than the marosopi tunneling rate, whereas the opposite holds
for large hyperradii. For the hosen set of parameters the two time sales are
roughly equal around the seond minimum where the ondensate is loated.
However, the tunneling rate depends strongly on the barrier through the om-
bination N |as|/bt. Variation of either of the three quantities then moves the
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Figure 6.3: The three-body reombination rate from equation (6.7) in units of
the osillator frequeny ν
trap
= ω/(2π), whih typially is 10-100 Hz, as a fun-
tion of hyperradius for N = 100, as/b = −50, and bt/b = 104. Shown as the
horizontal, dashed line is the marosopi tunneling rate from equation (6.11).
Shown as the horizontal, dotted line is the marosopi ollapse rate from equa-
tion (6.17) when the sattering length is muh larger than the trap length.
tunneling rate up or down in gure 6.3. For a larger barrier the ondensate
would only deay slowly by reombination. For a smaller barrier marosopi
tunneling would dominate and all the bosons in the ondensate would partii-
pate in a olletive reombination in a short time interval.
When a few partiles reombine into dimers and leave the ondensate, the
system is no longer in an eigenstate of the orresponding new Hamiltonian.
An adiabati adjustment of Hamiltonian and wave funtion ould then take
plae. Sine fewer partiles and unhanged as and bt means a larger barrier, the
marosopi stability of the new system is therefore inreased.
6.2.3 Marosopi ollapse
Senarios where the boson system develops with time as one unied body are
open for investigations in experiments where the eetive interation almost
instantaneously is hanged by tuning lose to a resonane [IAS
+
98, DCC
+
01,
RCC
+
01℄. An initially small magnitude of the sattering length, orresponding
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to a stable ondensate state in the seond minimum of the hyperradial potential,
an be hanged to a value where the barrier is removed.
In one experiment [DCC
+
01℄ a ondensate is rst reated with eetively
zero interation, i.e. zero sattering length as in gure 6.1a. The radial wave
funtion is then loated at relatively large distanes in the minimum reated by
the ompromise between entrifugal barrier and external eld. The attrative
poket at small distanes is not present and the ondensate forms as the ground
state in this potential. Figure 6.4 shows both the radial potential (thik, dashed
line) and the wave funtion (thin, dashed line) for shemati model parameters.
In the experiment the eetive interation was then suddenly hanged by
tuning a Feshbah resonane [CCR
+
00℄ to obtain a large and negative sattering
length [DCC
+
01℄. The measurement showed a burst and a remnant of oherent
atoms. This was interpreted and explained as formation of dimers via the two-
body resonane, a burst of dissoiating dimers, and a remnant of an osillating
mixture of oherent atoms and oherent moleules [KH02, MSJ02, KGB03℄.
In the present formulation the eetive potential is suddenly altered by a
hange of the underlying two-body interation. The orresponding new radial
potential, shown as the thik solid line in gure 6.4, has a pronouned attrative
region whih is able to support a number of self-bound many-body states.
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Figure 6.4: Wave funtions f and eetive hyperradial potentials U in dimen-
sionless units as a funtion of hyperradius for N = 20 and b
t
/b = 1442. The
sattering length is zero up to the time t = 0 and then suddenly hanges to be
large and negative at later times t > 0. Potentials and the orresponding wave
funtions are skethed for t = 0 and at a time τ ∼ 0.1 ms after half a period.
The horizontal lines show the stationary negative-energy states for t > 0.
Sine the initial wave funtion is not a stationary state in the new potential,
a motion is started towards smaller hyperradii where it would be reeted o
the wall of the entrifugal term. This marosopi ontration or ollapse is
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indiated by the large arrow in gure 6.2. If no degrees of freedom beyond the
model assumptions are involved, the system would then osillate between the
entrifugal repulsion and the wall of the external eld. This orresponds to an
osillation in density. However, during the marosopi ontration the rate for
dimer prodution via the three-body proess inreases and dimers are produed
and subsequently ejeted from the trap. Sine the rate explodes as the on-
tration ulminates, all partiles should reombine instantly. Thus, the relevant
time sale, i.e. the bottlenek, is the time sale for marosopi ontration.
If the only exitations are the degrees of freedom ontained in the lowest new
hyperspherial potential with s-waves, we an get quantitative information by
expanding on the new eigenfuntions. The dominating states in this expansion
are on the transition point between the lowest-lying positive-energy states with
energies omparable to the initial ondensate and the highest-lying Emov-
like many-body states, now present beause of the large sattering length, see
setion 4.4. These states have a spatial extension as large as that of the initial
state. The time sale for evolution of the initial state in the new potential is
then determined by the energy dierenes between suh levels. The states of
positive energy and large spatial extension onned by the trap are roughly
separated by the osillator quantum of energy ~ω. The orresponding rate for
populating smaller distanes with the onsequene of immediate reombination
is then rudely estimated to be
Γ
ollapse
~
∼ 1
τ
trap
=
ω
2π
. (6.17)
The resulting non-stationary wave funtion provides a spei osillation time.
After half a period the extension of the system has reahed its minimum. The
wave funtion at this time τ ∼ τ
trap
/2 ∼ 0.1 ms is also shown in gure 6.4.
Experimentally [DCC
+
01℄ the marosopi-ollapse time is veried to be of the
order ∼ 1/ω. These time sales agree on the order-of-magnitude level.
The rate of marosopi ollapse is also shown in gure 6.3. This is larger
than the tunneling rate. The motion in the potential is slow ompared to the
reombination time for distanes in the minimum at small ρ, whereas the oppo-
site holds for distanes in the minimum at large ρ. The time evolution after the
sudden removal of the barrier ould then be as follows. A marosopi ollapse
towards smaller hyperradii sets in. This is followed by emission of dimers whih
lowers the number of remaining partiles and results in a reappearing barrier.
The part of the wave funtion trapped at large distanes in the seond mini-
mum an then stabilize into a ondensate with fewer partiles. The time sale
for these proesses should then be between the marosopi-ollapse time and
the reombination time at the seond minimum.
This makes the assumption that no other degrees of freedom are exploited,
for example the angular dependene of the wave funtion or moleular bound
states desribed by other adiabati potentials. Diret population of two-body
bound states requires inlusion of the adiabati potential asymptotially desri-
bing these states. This is possible within the model, but onstitutes a major
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numerial investigation of oherent atoms and moleules, osillations between
them, and three-body reombinations within the same framework. Other time
sales due to these negleted degrees of freedom ould possibly turn up in suh
a omplete study of the dynamis of a many-boson system.
6.2.4 Observation of Emov-like states
The reombination probability inreases with dereasing hyperradius due to
the higher density, i.e. several partiles are lose in spae and therefore muh
more likely reombine into moleular states. The time sale τ
re
for three-body
reombination is given by N(t) = N(0) exp(−t/τ
re
) where N is the number
of atoms in the ondensate. This is as a funtion of the root-mean-square
hyperradius ρ¯ estimated by equation (6.8). This reombination time for the
highest-lying Emov-like states with ρ¯ ∼ N7/6|as|, see equation (3.41), an
then be ompared to the time sale for motion in the ondensate whih is given
by τ
trap
= 2π/ω. With ρ¯ ≃ N7/6|as| we obtain
τ
re
τ
trap
≃ N
2
π
(
N |as|
b
t
)2
. (6.18)
Thus, lose to the limit of stability, i.e. N |as|/bt ∼ 0.5, we have τre ≫ τtrap
for N ≫ 1, so the reombination proess is rather slow for these highest-lying
Emov-like states. Even though the lifetime is shorter than for the initially
reated ondensate, it might be long enough for an observation of these states.
If the Emov-like states are populated in experiments where the potential
suddenly is hanged from gure 6.1a to gure 6.1d, they ould possibly be
indiretly observed. A signature of this many-body Emov eet would be ob-
servation of the diatomi moleules formed in the reombination proess and
with the estimated time sale from equation (6.18). The rate should then be
inversely proportional to the square of the sattering length reahed after hang-
ing the potential. The dimers an probably not be distinguished from this and
other proesses, but the measured rate an possibly be separated into dierent
harateristi omponents. Sine their lifetime due to reombination proesses
an be very large ompared to the time sale dened by the external eld, these
negative-energy self-bound many-body states should essentially maintain their
spatial extension after the external eld is swithed o. This is in ontrast to
positive-energy states where only the trap prevents expansion. Thus, a relatively
slow time evolution of the density distribution without external eld should be
harateristi for these many-body Emov-like states. A later measurement of
a system denser than expeted for a positive-energy system ould then be a
signature of the self-bound many-body state.
6.3 Summary
The stability riterion for the many-boson system is veried within the hyper-
sperial framework. The avoided ollapse at large densities, ompared to ol-
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lapse of the Gross-Pitaevskii desription, allows a more detailed study of what
happens during the marosopi-ollapse proess. Time sales are estimated
on the basis of three-body reombination at dierent densities. Marosopi-
tunneling times and osillation times in a free-fall ollapse allow the existene
of the self-bound states without reombination to other luster-strutures. How-
ever, sine the ritial region ours when a zero-range interation in a non-
orrelated model desribes the system rather well, the inlusion of two-body
orrelations does not alter the riterion for marosopi stability. This is seen
by onsidering a trapped gas with n ∼ 1/b3
t
. Close to threshold N |as|/bt ∼ 1
implies n|as|3 ∼ 1/N3. This means that n|as|3 < 1/N2, whih is the asymptoti
region where λ ≃ λδ and the GPE method is in agreement with the hypersphe-
rial orrelated method, see setion 5.2. In this sense the orrelations do not
modify the expetations obtained from a mean-eld onsideration. However,
the possibility for a study of ouplings between the oherent many-body system
and the bound two-body hannels is learly beyond the mean eld. This is a
goal for future investigations of deays.
Chapter VII
Deformed boson system
The atom traps in experiments are of ylindrial geometry, as desribed in se-
tion 4.1. For N attrative atoms the stability riterion, as desribed in setion
6.1, is experimentally established to be N |as|/bt < 0.55 [CKT+03℄, where as
is the sattering length and b
t
≡ √~/(mω) is the relevant length sale of the
harmoni trap of geometri average frequeny ω ≡ 3√ωxωyωz. A redution from
three dimensions to eetively one or two dimensions was observed experimen-
tally [GVL
+
01℄ in the limit when the interation energy is small ompared to
the level spaing in the tightly-onning dimension. Experiments with ontin-
uous variation of the trap geometry from three to either one or two eetive
dimensions [GVL
+
01℄, with a two-dimensional struture [GBM
+
01, RENG03℄,
and an eetive one-dimensional geometry [TOH
+
03℄ request a orresponding
theoretial desription.
Theoretial interpretations and the underlying analyses are frequently based
on model assumptions of spherial symmetry [BEG98, Adh02b℄, as disussed in
setion 4.1. Connement to lower dimensions an also be studied diretly with-
out the three-dimensional starting point. This has been done with a variational
alulation in Gross-Pitaevskii equation (GPE) [BP96℄ and more reently in
the GPE with variational dimensionality [MW02℄. Also eets on stability of
deformed external elds have been investigated by use of the GPE formula-
tion [BP96, GFT01, Adh02a℄. Extreme deformations ould result in eetive
one-dimensional or two-dimensional systems whih an be desribed by eetive
interations of orresponding disrete lower dimensions [Ols98, PHS00, PS01,
LMDB02℄.
In the present hapter, whih orrets and extends the disussions in ref-
erene [SFJ03b℄, we rewrite the hyperspherial formulation from hapter 2 to
aount for a general deformation of the external eld. Sine two-body orre-
lations are not yet inluded in the wave funtion, this hyperspherial approah
reminds of a mean-eld treatment. We investigate the stability riterion in
setion 7.2. Setion 7.3 ontains an approah to an eetive dimension whih
depends on the deformation of the external eld. Sine the interations are
presently not inluded in this eetive dimension, we therefore in setion 7.4
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introdue them on top of the derived d-dimensional Hamiltonian. Although
the hoie of interations is not unique, we an with some guess obtain an al-
ternative stability riterion and subsequently interpret the results in terms of a
deformation-dependent oupling strength, whih is nally ompared with known
results.
7.1 Hyperspherial desription of deformation
As desribed in setion 4.1 a ombination of magneti elds results in an eetive
trapping potential, whih an be desribed as the deformed harmoni osillator
potential V
trap
ating on all the idential partiles of mass m
V
trap
(ri) =
1
2
m
(
ω2xx
2
i + ω
2
yy
2
i + ω
2
zz
2
i
)
. (7.1)
The hyperradius ρ is the prinipal oordinate, whih is separated into the om-
ponents ρx, ρy, and ρz along the dierent axes, i.e.
ρ2 =
1
N
N∑
i<j
r2ij = ρ
2
x + ρ
2
y + ρ
2
z = ρ
2
⊥ + ρ
2
z , ρ
2
⊥ ≡ ρ2x + ρ2y , (7.2)
where rij = rj−ri. In the entre-of-mass system the remaining oordinates are
given as angles olletively denoted by Ω, see analogies in hapter 2 and more
details in appendix A.3.
An appliation here of the method presented in hapter 2 is to assume a
relative wave funtion as a sum of two-partile omponents. In the ase of a
spherial trapping eld eah two-body omponent only needs dependene on
ρ and the two-body distane rij =
√
2ρ sinαij through an angle αij . For a
deformed external eld it also needs dependene on the angle ϑij between the
interatomi vetor rij and the axis of the external eld. The two-body om-
ponent should in the ylindrial ase then be on the form φ(ρ, αij , ϑij), whih
would lead to an angular equation in the two variables α12 and ϑ12 with more
ompliated integrals than those appearing in equations (2.75) and (2.84). We
will not investigate this, but here restrit ourselves to no dependene on hyper-
angles. This is expeted to dominate for dilute systems where the large distanes
average out diretional dependene.
Thus, we neglet orrelations in analogy to a mean-eld treatment, so in the
dilute limit the hyperangular average of the relative Hamiltonian is
〈Hˆ〉Ω → Hˆ = Hˆx + Hˆy + Hˆz + Vˆ , Vˆ =
N∑
i<j
〈Vij〉Ω , (7.3)
2mHˆq
~2
= − 1
ρ
d(N−1)−1
q
∂
∂ρq
ρd(N−1)−1q
∂
∂ρq
+
ρ2q
b4q
, (7.4)
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where d = 1 and b2q ≡ ~/(mωq) for q = x, y, z. The interations Vij are averaged
over all angles Ω, whih for the zero-range interation 4π~2asδ(rij)/m from
equation (3.8) for N ≫ 1 yields
Vˆ =
4π~2as
m
N∑
i<j
〈δ(rij)〉Ω = ~
2
2m
1
2
√
π
N7/2
as
ρxρyρz
. (7.5)
If we replae as ρx = ρy = ρz = ρ/
√
3, this is idential to ~2λδ/(2mρ
2) with λδ
from equation (3.31).
We dene the following dimensionless oordinates and parameters:
x ≡ ρx
bx
√
2
N
, y ≡ ρy
by
√
2
N
, z ≡ ρz
bz
√
2
N
, (7.6)
β ≡ b
2
x + b
2
y
2b2z
, γ ≡ b
2
x − b2y
2b2z
, s ≡ Nas
b
t
, b3
t
≡ bxbybz . (7.7)
The deformation along the dierent axes is then desribed by β and γ, and s is
the eetive interation strength. The Shrödinger equation HˆF (ρx, ρy, ρz) =
EF (ρx, ρy, ρz) is rewritten with the transformation
f(x, y, z) ∝ (xyz)(N−2)/2F (ρx, ρy, ρz) (7.8)
in order to avoid rst derivatives. We then obtain[
− 1
β + γ
∂2
∂x2
− 1
β − γ
∂2
∂y2
− ∂
2
∂z2
+
N2u(x, y, z)− ε
2 3
√
β2 − γ2
]
f(x, y, z) = 0 , (7.9)
u(x, y, z) =
1
2
3
√
β2 − γ2
[
1
β + γ
(
x2 +
1
x2
)
+
1
β − γ
(
y2 +
1
y2
)
+ z2 +
1
z2
]
+
√
2
π
s
xyz
, (7.10)
where ε ≡ 2NE/(~ω). Without interation, i.e. as = 0, the ground-state solu-
tion is
f(x, y, z) = (xyz)(N−2)/2 exp[−N(x2 + y2 + z2)/4] , (7.11)
whih for N ≫ 1 is peaked at (x, y, z) = (1, 1, 1).
Here we do not solve this equation, but instead investigate the harater
of the eetive potential u. For axial symmetry around the z axis the x and
y diretions annot be distinguished, that is when γ = 0 and β = b2⊥/b
2
z with
b2⊥ ≡ bxby. This symmetry amounts to replaing ρ2x and ρ2y by ρ2⊥/2 in the
equations. A onvenient denition for this ase is 2̺2 ≡ x2 + y2. Equipotential
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Figure 7.1: Contour plots of u(x, y, z), equation (7.10), with x = y = ̺ as a
funtion of (̺, z) for s = −0.4β1/6 orresponding to Nas/b⊥ = −0.4 for three
deformations. The values for the ontours hange by 2, 2, and 5, respetively
for a) β = 1 (spherial), b) β = 1/16 (igar-shaped or prolate), and ) β = 16
(panake-shape or oblate).
ontours of u in the (̺, z) plane for ̺ = x = y are shown in gure 7.1 for
attrative interations. For as < 0 (s < 0) there is always a divergene towards
−∞ when (̺, z)→ (0, 0), see equation (7.10). However, a stationary minimum
is seen in both gures 7.1a (spherial symmetry) and 7.1b (prolate) lose to
(̺, z) = (1, 1), whereas this minimum has disappeared for the oblate system in
gure 7.1. For very weak attration a stationary minimum is present for all
deformations.
Figure 7.2 shows uts of the potential u(̺, z) along paths lose to the bottom
of the valleys (see inset). The spherial minimum (full line) is shielded by a
relatively small barrier from the divergene for ̺ → 0. The minimum for the
prolate deformation (dashed urve) is extremely stable although the divergene
for ̺ → 0 still exists. For the oblate deformation (dot-dashed line) the loal
minimum has vanished for this attration strength.
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Figure 7.2: The potential u(x, y, z) for s = −0.4β1/6 as a funtion of ̺ = x = y
along uts of the (̺, z) plane where z = ̺1/
√
β
. The height u
barrier
of the
loal maximum at top of the barrier is indiated for the spherial ase β = 1.
The inset shows orresponding trajetories in the (̺, z) plane, ompare with
gure 7.1, for the three deformations.
7.2 Stability riterion for bosons in a deformed trap
The barrier height depends on the deformation of the external eld, see g-
ures 7.1 and 7.2. Extrema (x0, y0, z0) of u in equation (7.10) obey the three
equations obtained from
b2
t
b2x
(x40 − 1) =
√
2
π
sx0
y0z0
(7.12)
and symmetri permutations of x, y, and z. This an be used to determine
the ritial strength s when a loal minimum disappears. The results for axial
symmetry are shown as the thin solid line in gure 7.3. In these units the ritial
strength s is largest for a geometry very lose to spherial. Sine s = Nas/bt
and b3
t
= bxbybz, this means that at xed b
3
t
, or xed volume, the sattering
length an assume the largest negative value for the spherial trap. Gammal
et al. [GFT01℄ performed a time-dependent study with the Gross-Pitaevskii
equation (GPE) whih resulted in the ritial strengths here shown as the dotted
line. This is in large regions lower than the present result, whih might be due
to our neglet of quantum eets and time dependene. The energy gain due to
orrelations is not inluded in the simple expetation value with the assumed
angle-independent wave funtion. The reent value for the experimental stability
region [CKT
+
03℄ is shown as the plus and agrees with the mean-eld model. We
perform two alternative derivations withing the hyperspherial model in order
to see if the assumptions need modiations.
These results an be ompared to an analytial spherial approximation
where the radial motion is desribed by only ρ while the deformed external eld
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Figure 7.3: The ritial strength |s| = N |as|/bt as a funtion of the deformation
β = b2⊥/b
2
z from the potential in equation (7.10) (thin solid line), from equa-
tion (7.16) (dashed line), and from a mean-eld Gross-Pitaevskii omputation
by Gammal et al. [GFT01℄ (dotted line). The thik solid line is equation (7.18)
obtained by onsidering the zero-point energy. The plus is the experimentally
measured value [CKT
+
03℄. Regions below urves are onsidered stable in the
separate treatments. The double- and triple-dashed lines indiate the eetive
ross-overs to two (2D*) and one (1D*) dimensions [GVL
+
01℄.
remains the same. The eetive radial potential U is then obtained by adding
entrifugal barrier and the ontributions from zero-range interation and the
external eld, see equation (2.29). The angular average replaes eah of the
three omponents ρ2q and R
2
q by ρ
2/3 and R2/3, where R is the entre-of-mass
oordinates, i.e.
N∑
i=1
〈V
trap
(ri)〉Ω = 1
2
m
ω2x + ω
2
y + ω
2
z
3
(ρ2 +NR2) , (7.13)
2mVˆ
~2
= 8πas
N∑
i<j
〈δ(rij)〉Ω = 3
2
√
3
π
N7/2
as
ρ3
, (7.14)
2mU(ρ)
~2
=
3
2
√
3
π
N7/2
as
ρ3
+
9N2
4ρ2
+
ρ2
l42
, (7.15)
where 3l−42 ≡ b−4x + b−4y + b−4z . By omparison with equations (6.2), (6.3), and
(6.4) the stability ondition beomes
N |as|
b
t
< k(β, γ) , k(1, 0) =
2
√
2π
55/4
≃ 0.67 , (7.16)
k(β, γ) = k(1, 0) 4
√
3(β2 − γ2)4/3
2β2 + 2γ2 + (β2 − γ2)2 . (7.17)
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The spherial limit orresponds to γ = 0 and β = 1 where the barrier is
present when |s| = N |as|/bt < 0.67. The result for a ylinder (only γ = 0)
is shown as the dashed line in gure 7.3 and is notiably dierent from, but
numerially almost oinides with, the deformed treatment, thin solid line.
An extreme oblate deformation orresponds to the two-dimensional limit where
bz ≪ b⊥ and β → ∞. Here equation (7.17) yields the ritial strength k ≃
0.4 4
√
0.6
√
π/2β−1/3. As seen from the ontour plot in gure 7.1, the motion is
now almost onned at z = 1. From x = y = ̺ we see that u(̺, ̺, 1) only has a
loal minimum when |s| <√π/2β−1/3, whih is larger than the value where the
z motion is not xed. This is reasonable sine more degrees of freedom in the
model lowers the energy. Baym and Pethik [BP96℄ obtained with a variational
study of the GPE the riterion |s| < √π/2β−1/3 provided that the variational
width in the axial diretion does not hange due to the interations. This is
idential to the riterion from studying the potential u(̺, ̺, 1), i.e. onsistent
with the xed value z = 1. This again emphasizes the equivalene between the
present hyperspherial non-orrelated model and the mean-eld GPE.
Analogously, in the extreme prolate limit (one-dimensional) where β → 0,
equation (7.17) yields the ritial strength k ≃ 0.25 4√1.25√πβ1/6. However,
xing x = y = 1 in equation (7.10) yields no ritial strength sine u(1, 1, z)
always has a global minimum. Therefore, the other degrees of freedom are
essential in this prolate limit.
A modied stability riterion an be obtained by onsidering the ground-
state energy E0 of the boson system, whih in the non-interating ase is E0 =
~(ωx + ωy + ωz)(N − 1)/2 where the entre-of-mass energy is subtrated. The
system is unstable when this energy is larger than the barrier height U
barrier
, see
the indiation in gure 7.2 of the orresponding height u
barrier
for the redued
potential. With this ondition the riterion of stability is
N |as|
b
t
<
1
2
√
π
3
l1
b
t
√
1 +
1
12
l41
l42
, (7.18)
where 3l−21 ≡ b−2x + b−2y + b−2z . This is seen in gure 7.3 (thik solid line) to
be below the GPE alulations [GFT01℄. The improvement is here substantial
ompared to when the zero-point energy is negleted. In partiular, for the
spherial ase we get N |as|/bt ≃ 0.53 instead of N |as|/bt ≃ 0.67.
The estimate of equation (7.18) desribes the stability problem better sine it
inludes the quantum eet due to the zero-point energy. The GPE alulation
is time dependent and thus desribes the dynamis even better and is also
losest to the experimental value. Sine we expet the present non-orrelated
hyperspherial treatment to be in agreement with the mean eld, we expet
that a time-dependent treatment in this frame would yield the same result as
obtained by Gammal et al. [GFT01℄.
A reent variational Monte Carlo investigation of the stability riterion in
elongated, almost one-dimensional, traps yielded the stability riterion n
1D
a
1D
.
0.35 [ABGG03b℄, where n
1D
∼ N/bz is the density in one dimension and
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a
1D
= −b⊥(b⊥/as−1.0326). Equation (7.18) an in the one-dimensional limit be
written asN |as|/b⊥ . 0.66. The deviation between the two results might be due
to our use of a three-dimensional zero-range interation in this non-orrelated
model, whereas Astrakharhik et al. [ABGG03b℄ used a one-dimensional model
with a zero-range interation with oupling strength proportional to 1/a
1D
as
well as a full 3D orrelated model with hard-sphere or nite-range potentials. An
eetive potential analogous to δ(x)/a
1D
in the general ase with intermediate
deformations would be a rewarding goal.
Aording to Görlitz et al. [GVL
+
01℄ the interation energy is smaller than
the energy in the tightly-onning dimension when |s| ≤ √32/225β−5/6 for
the 1D limit and when |s| ≤ √32/225β5/3 for the 2D limit. These ross-
overs are indiated by double-dashed (two-dimensional) and triple-dashed (one-
dimensional) lines in gure 7.3. Sine the ritial region in eah limit is below
the relevant ross-over, stable and strongly deformed systems an be regarded
as eetively one- or two-dimensional in the sense of these energy relations.
7.3 Eetive dimension
The deformation of the external eld eetively hanges the dimension d of the
spae where the partiles move. The eld hanges ontinuously and d ould
orrespondingly vary from three to either two or one. In order to arrive at suh
a desription, we aim at an eetive d-dimensional Hamiltonian analogous to
equation (7.4) with only one radial variable ρ, a deformation-dependent dimen-
sion d, and an eetive trap length bd, i.e.
2mHˆd
~2
= − 1
ρd(N−1)−1
∂
∂ρ
ρd(N−1)−1
∂
∂ρ
+
ρ2
b4d
+
2mVˆ
~2
, (7.19)
where Vˆ represents all partile interations in d dimensions. The requirement is
that the Shrödinger equation HˆdGd = EdGd with d-dimensional eigenfuntion
Gd and eigenvalue Ed is obeyed, at least on average, i.e.∫
dρ ρd(N−1)−1G∗d(ρ)(Hˆd − Ed)Gd(ρ) = 0 . (7.20)
The lowest free solution, that is with Vˆ = 0, is given by equation (7.11).
In the ylindrial ase we an relate the d-dimensional funtion Gd to this
by performing the average with respet to the angle θ in the parametrization
(ρ⊥, ρz) = ρ(sin θ, cos θ). With inlusion of the orresponding volume elements,
see appendix A.3, this leads to
ρd(N−1)−1|Gd(ρ)|2 = ρ3(N−1)−1
∫ pi
0
dθ cosN−2 θ sin2N−3 θ|F (ρ, θ)|2 , (7.21)
where F (ρ, θ) an be obtained by rewriting equations (7.11) and (7.8).
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The harateristi energy and length an be dened by
Ed =
d~2
2mb2d
(N − 1) , db2d = 2b2⊥ + b2z , (7.22)
whih learly is orret in the three limits, i.e. spherial: d = 3 and bd = bz = b⊥,
two-dimensional: d = 2 and b⊥ ≫ bz, and one-dimensional: d = 1 and bz ≫ b⊥.
In general it is not possible to nd one ρ-independent set of onstants
(Ed, bd, d) suh that HˆdGd = EdGd. Instead we insist on the average ondi-
tion in equation (7.20) with Gd and Ed from equations (7.21) and (7.22). The
result for axial geometry is a seond-degree equation in d with one physially
meaningful root, see details in appendix E. The results for various N values are
shown in gure 7.4. The eetive dimension depends on N for relatively small
N = 3
N = 5
N = 10
N = 20
β
d
10001001010.10.010.001
3
2.5
2
1.5
1
Figure 7.4: The eetive dimension d obtained as a funtion of the deformation
parameter β = b2⊥/b
2
z. Curves for larger N are very lose to that for N = 20.
partile numbers. When N > 20, the urve is essentially xed. Furthermore,
the asymptoti values of both d = 1 (small β) and d = 2 (large β) are reahed
faster for larger N sine many partiles feel the geometri onnement stronger
than few partiles.
∗
Sine these eetive dimensions are obtained as average
values over ρ, the system might look spherial at large distanes and strongly
deformed at small distanes, on average resulting in the urves in gure 7.4.
7.4 Deformation-dependent interations
The eetive dimension for the non-interating system possibly hanges when
interations are inluded. The steps of the previous setion should in priniple
be repeated with the interations. However, this would be ompliated and miss
the goal whih is a simple eetive Hamiltonian with a renormalized interation
in lower dimension, see analogies in the referenes [Ols98, PHS00, LMDB02℄.
∗
It may be amusing to speulate on the meaning of d = 2 for elongated igar-shaped
onnement (0.1 . β . 0.2).
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We therefore start out with a two-body ontat interation with a oupling
strength whih is modied due to the deformation. This is in line with the
renormalization in setion 5.1.2 due to the inlusion of two-body orrelations.
So we write a d-dimensional zero-range interation with a dimension-dependent
oupling strength g(d) as
Vd(rij) = g(d)δ
(d)(rij) , g(3) =
~
2as
m
, (7.23)
where this d-dimensional δ funtion is dened by δ(d)(r) = 0 for r 6= 0 and∫∞
0 dr r
d−1δ(d)(r) = 1. The distane between two partiles, e.g. partile 1 and
2, is in hyperspherial oordinates dened by r12 =
√
2ρ sinα, where the angle
α enters the angular volume element as
dΩα = dα sin
d−1 α cosd(N−2)−1 α . (7.24)
This is valid at least for d = 1, 2, 3, see appendix A.2.3. The eetive interation
Vˆ in equation (7.19) is for N ≫ 1 then given by the average over all oordinates
exept ρ:
Vˆ =
N2
2
∫ pi/2
0
dΩα Vd(
√
2ρ sinα)∫ pi/2
0 dΩα
=
~
2
2m
2N2(Nd/4)d/2
Γ(d/2)
as
ρd
g(d)
g(3)
. (7.25)
However, this does not yield instability for d < 2 sine the power d in ρ−d is
smaller than two, see setion 6.1.
We therefore pursue another approah. Inspired by the forms of equa-
tions (7.14) and (7.25), we write Vˆ as
Vˆ =
~
2
2m
2N2(Nd/4)p/2
Γ(d/2)
ad
ρp
, a3 = as , (7.26)
whih with a3 = as oinides with the result for d = 3 if we hoose p = 3. The
eetive potential Ud in the d-dimensional Shrödinger equation orresponding
to equation (7.19) is then
2mUd(ρ)
~2
=
2N2(Nd/4)p/2
Γ(d/2)
ad
ρp
+
d2N2
4ρ2
+
ρ2
b4d
. (7.27)
For p < 2 this potential always has a global minimum and thus no ollapse is
present. For p > 2 there is always divergene to −∞ when ρ → 0. For weak
attration, i.e. small |ad|, there is a loal minimum. This disappears at larger
|ad| when
N |ad|
b
t
>
bp−2d
b
t
21+p/2d(p− 2)(p−2)/4Γ(d/2)
p(p+ 2)(p+2)/4
. (7.28)
The riterion in equation (7.16) was also obtained by estimating when the rit-
ial point vanished. Equation (7.16) is valid for all deformations, i.e. any d. In
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order to be able to ompare equations (7.16) and (7.28), we therefore hoose
p > 2 suh that equation (7.28) always is appliable. When equations (7.28)
and (7.16) agree, the eetive interation strength ad is given by
ad
as
=
bp−2d
b
t
2(p−1)/2Γ(d2 )5
5/4(p− 2)(p−2)/4√
π(p+ 2)(p+2)/4β1/6p/d
4
√
2 + β2
3
. (7.29)
This eetive interation strength is in gure 7.5 shown as a funtion of the
deformation for various hoies of the power p. The solid line shows the result
for p = 3, whih is known to be orret for β = 1 (d = 3). Similarly the dashed
line shows the result with p = d, whih does not work for d < 2 (β . 0.2).
Sine the eetive oupling strength depends strongly on the power p, we need
p = 2d
p = d
p = 3
β
a
d
b3
−
p
t
/
a
s
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Figure 7.5: The eetive interation strength ad from equation (7.29) obtained
as a funtion of the deformation parameter β = b2⊥/b
2
z in the large-N limit,
i.e. the onnetion between deformation and eetive dimension obtained from
the alulation for N = 20 is used for this illustration. The vertial divergene
of the dashed line indiates the inadequay of the orresponding method when
d < 2.
further information about how the interations enter the eetive potential.
An extreme deformation might lead to eetively one-dimensional or two-
dimensional properties. Pitaevskii and Stringari [PS03℄ olleted results for the
eetive oupling strength in two dimensions that yields g(2) =
√
8π~2as/(mbz),
whereas the result from equation (7.29) in that limit is larger by the fator
55/4/4 ≃ 1.9. Even though the results dier by a fator lose to two, the right
ombination of lengths shows that we have inorporated the degrees of freedom
in the orret manner. This was also the ase in the previous omparison of the
stability riterion with the one obtained by Baym and Pethik [BP96℄. However,
as was also mentioned by Pitaevskii and Stringari [PS03℄, in the low-density limit
in two dimensions the oupling onstant beomes density-dependent, whih is
beyond the present model where orrelations are negleted.
Sine p = d for d = 1 does not yield a meaningful interpretation of the
stability riterion, a one-dimensional system needs a dierent treatment.
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7.5 Disussion
In onlusion, the hyperspherial method with a non-orrelated approah yielded
stability riteria as a funtion of the deformation of the external eld. For on-
stant volume the highest stability was found for spherial traps. Eetive di-
mensions d ontinuously varying between 1 and 3 were alulated as a funtion
of the deformation. The system an possibly be desribed by a d-dimensional
eetive radial potential with a d-dimensional eetive interation. However,
this does not have an unambigious form. Appliations to restrited geometries
beome simpler, where the obtained two-dimensional oupling strength om-
pares reasonably with a oupling strength obtained by an axial average of a
three-dimensional ontat interation. For the one-dimensional ase an eetive
oupling strength was not obtained.
A previous approah to a d = 1 treatment by Gammal et al. [GFTA00℄ shows
that a three-body ontat interation is neessary for the GPE to produe ol-
lapse in one spatial dimension. In the present framework a three-body ontat
interation for a onstant angular wave funtion produes a hyperradial poten-
tial proportional to ρ−2d, ompare with equation (5.15), whih for any d ≥ 1
leads to instability if the three-body oupling strength is suiently negative.
The dotted line in gure 7.5 shows the eetive oupling strength for p = 2d,
orresponding to this three-body zero-range interation.
Aording to Astrakharhik et al. [ABGG03b, ABGG03a℄ a Jastrow ansatz
for a orrelated wave funtion and inlusion of two-body interations lead to
ollapse in one spatial dimension. Aording to preliminary Faddeev alula-
tions with the two-body orrelated model presented in hapter 2, a two-body
interation and inlusion of only two-body orrelations in one spatial dimen-
sion do not lead to ollapse. It seems that at least three-body orrelations or
three-body interations are neessary in order to ahieve a realisti desription
of ollapse in one dimension.
Chapter VIII
Conlusions and perspetives
The present thesis studied few-body orrelations within a many-body system,
espeially eets beyond the ommonly applied mean eld by a method that is
usually applied to lusterized systems.
Chapter 2 presented a hyperspherial framework for inluding two-body or-
relations expliitly in the wave funtion. For bosons this was done as a sum of
two-body amplitudes, the Faddeev deomposition of the wave funtion. One
advantage of this wave funtion is that it ontains a signature of the average
distane between all partiles. In this respet it reminds of the mean eld,
and it is indeed possible to relate the wave funtions when the interations are
suiently weak. On the other hand, in the dilute limit where three-body en-
ounters are rare, this wave funtion reminds of the Jastrow fatorization into
two-body amplitudes. Thus, it athes the information from the enounter of
two partiles at the same time as remembering the bakground loud of other
partiles. In the shape of a variational equation, the Shrödinger equation was
then redued to a one-dimensional dierential equation in a hyperangle, plus
a simple one-dimensional equation in the hyperradius. A similar result was
previously obtained by de la Ripelle et al. [dlRFS88℄ in terms of Faddeev-like
equations. However, the present equation is variational and the ompliations
ompared to the simpler Faddeev-like equations are not severe.
In hapter 3 we disussed analytial estimates of the angular eigenvalues.
These provide results in the dilute limit in agreement with expetations based
on mean-eld-like assumptions. Then the numerial solutions onrm these re-
sults in the dilute limit and furthermore provide signiant deviations at larger
densities. In the regime of a very large two-body s-wave sattering length the
angular potential approahes a onstant value whih only depends on the num-
ber of partiles. Also the signatures of a two-body bound state are reognized,
providing a possible link between the sattering hannels and the two-body
bound hannels within the many-boson system.
The marosopi properties of a trapped system of bosons were investigated
in hapter 4, where the radial equation was solved for the size sale and total
energy of the system. Some of the stationary solutions in the hyperradial poten-
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tial turn out to have a muh smaller spatial extension than the typial size sale
of a Bose-Einstein ondensate. Furthermore, the total energy of many states
might be negative due to a large average attration at large densities, i.e. when
the bosons are lose to eah other. The Bose-Einstein ondensate is usually
unstable if the external onnement is removed, whereas these negative-energy
modes are self-bound, and thus onned even if the trap is turned o.
Chapter 5 presented the basi assumptions in the mean-eld Gross-Pitaevskii
(GP) treatment of a dilute boson system. We related the obtained angular
potentials to a possible density-dependent zero-range interation. This allows a
possible renormalization of the mean-eld interation for alulations with the
GP equation for denser systems. The energies and average distanes for a dilute
boson system obtained from the mean eld are very lose to those obtained from
the two-body orrelated model. However, the states with larger densities and
negative energies have no parallels in the mean-eld model. In this region we
obtained interation energies independent of the sattering length. Conerning
validity, hapter 5 gave estimates of the validity ranges, extending the validity
region for the two-body orrelated model to larger densities with deviations from
the mean eld.
The stability riterion for a Bose-Einstein ondensate is in the present hyper-
spherial treatment of pairwise orrelations obtained in a way whih is similar
to the derivation from the mean eld. This was evident in hapter 6 where the
riterion was derived in terms of the hyperradial potential. Three-body reom-
bination and marosopi tunneling were disussed qualitatively, estimating the
eets of degrees of freedom that are not expliitly inluded in the two-body
orrelated model. This is related to disussions by Bohn et al. [BEG98℄. The
disussion of marosopi ollapse when suddenly hanging the underlying two-
body interations is possible within the model. This provides an estimate of the
ollapse time whih agrees on the order-of-magnitude level with the measured
time sale.
A possible improvement is the expliit inlusion of three-body orrelations in
the ansatz for the wave funtion in order to study three-body reombinations in
the many-boson system. This an also indiate the validity of the present model,
and tell if the self-bound many-body states desribed in hapter 4 have physial
relevane or if they are artiial produts of the present ansatz with two-body
orrelations. A quantitative study of ollapse dynamis an be performed by
studying the time-dependent problem with inlusion of ouplings between the
dierent hannels in the adiabati expansion of the wave funtion.
The investigation showed that the lifetime of some of the self-bound many-
body states might be so large that they an be observed in experiments. This
might be done by turning o the trap, waiting for some time, and then altering
the two-body interation suh that the partiles repel eah other and the system
expands. By extrapolating bak to the density prole before expansion, it might
be onluded that the system did not expand in the time period between the
external trap was turned o and the two-body interations were made eetively
repulsive.
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The eets of deformation were disussed in hapter 7, whih desribed the
trapped boson system in a non-orrelated hyperspherial frame. The external
onning eld alters the stability riterion in agreement with the experimentally
measured riterion. For a xed volume any deviation from the spherial geome-
try dereases the stability. This was also onluded by Gammal et al. [GFT01℄
from a study of the time-dependent GP equation. The present treatment pro-
vides an analytial stability riterion as a funtion of deformation, whih agrees
well, but not perfetly, with the experimentally measured value. The deviations
are probably due to the rudeness of the approximations made for the analytial
estimates, but not due to the lak of orrelations sine these are also absent in
a mean-eld treatment. We furthermore seeked to use only one length sale to
desribe the deformation. For the non-interating ase this results in an eetive
dimension, whih then enters an eetive Hamiltonian in a single length sale.
However, the problem is the inlusion of interations, whih does not appear
trivial. A proposed eetive potential provides a stability riterion, but does so
in a non-transparent way where the oupling to the two-body interations has
vanished. It seems that higher-order orrelations or higher-order interations
are ruial for a full understanding of stability phenomena in eetively lower
dimensions.
An immediate extension of the present work is to omplete the treatment of
two-body orrelations in lower dimensions and in the general deformed system.
This ould provide the wanted eetive interation in lower dimensions and
possibly onrm the results of other approahes, e.g. the referenes [PHS00,
LMDB02℄ for the two-dimensional ases.
The treatments in this thesis are performed at zero temperature. The eets
of a nite temperature an possibly be inluded as a statistial distribution of
many-body states, where ouplings between the states then will play a larger
role. This might yield information about the eet of pairwise orrelations on
the ondensate fration and the transition temperature.
Experiments with trapping of fermioni gases raise many questions about
the modiation of orrelations for fermions. Espeially the problem of binary
orrelations between idential fermions is a great hallenge, but an potentially
be built on top of a hyperspherial frame. Another approah is an extration
of a density-dependent oupling strength for a fermion system. This might also
provide answers to questions in other elds of physis, e.g. in moleular physis
and nulear physis, where the mean eld is inadequate for studies of exoti
problems, for example nulei lose to a drip line.
In onlusion, the present study of two-body orrelations yielded insight into
mehanisms that in the dilute limit an be aounted for by a mean eld, and
yielded deviations espeially in the presene of a two-body bound state or a
resonane. The inlusion of three-body orrelations an be the ruial next step
whih provides answers to questions about three-body reombination and the
struture of lower-dimensional systems.
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Chapter IX
Sammendrag på dansk (Summary in Danish)
Resumé: Afhandlingen Korte tilfældige sammenstød. Parvise korrelationer
blandt bosoner omhandler teoretiske modeller for parvise påvirkninger mellem
atomer, der bender sig i en gas af ens partikler ved meget lav temperatur.
Teorien bag en model for opdeling af et mangepartikelsystem i små grupper
præsenteres, og denne model anvendes i tilfældet hvor kun to partikler skiller
sig ud. Speielt undersøges betydningen af store tætheder og kraftig vekselvirkn-
ing mellem atomerne. Dette viser afvigelser i forhold til en middelfeltsmodel,
hvor atomerne ikke har mulighed for at indrette sig efter hinanden. Studiet af
igarformede eller pandekageformede systemer indikerer, at man må inkludere
påvirkningen mellem tre atomer for at forstå disse systemer til bunds.
Denne afhandling beskræftiger sig med korrelationer i bosonsystemer, især
relateret til de mange eksperimenter udført med meget kolde alkaligasser (li-
thium, natrium, rubidium og æsium) i de seneste 10 år. Speielt studeres
afvigelser fra middelfeltet. Efter det introduerende kapitel 1 præsenterede vi
i kapitel 2 en hypersfærisk beskrivelse af fåpartikelkorrelationer i et mangepar-
tikelsystem. Til laveste orden inkluderede vi topartikelkorrelationer i form
af en sum af topartikelamplituder. Når to partikler kommer tæt på hinan-
den, ændrer mangepartikelbølgefunktionen sig fra den sædvanlige enkeltpar-
tikelstruktur, som kendes fra en middelfeltsbeskrivelse. På denne måde minder
den hypersfæriske bølgefunktion for et tyndt system om en kombination af en
Jastrow-beskrivelse og en Hartree-beskrivelse. Shrödinger-ligningen omskrives
med sådanne topartikelamplituder til en Faddeev-agtig ligning i en hypervinkel,
der relateres til topartikelafstanden, samt en simpel ligning i hyperradius, der
beskriver den samlede udstrækning af mangepartikelsystemet. I den ene hy-
pervinkel udledte vi også en mere komplieret variationsligning, der ses som
et alternativ til den Faddeev-agtige ligning. I grænsen, hvor middelafstanden
mellem partiklerne er meget større end den typiske vekselvirkingsrækkevidde,
er det muligt at reduere komplikationerne ved denne variationsligning, så et
anvendeligt redskab fremkommer.
I kapitel 3 diskuteredes analytiske egenskaber af vinkelligningen. For et
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fortyndet system giver dette resultater i overensstemmelse med en ukorreleret
antagelse for bølgefunktionen sammen med en vekselvirkning, der normalt an-
vendes i en middelfeltsbeskrivelse. De numeriske løsninger bekræfter denne
grænse, men viser også afvigelser ved større tætheder, bl.a. er tilstedeværelsen
af en bundet tilstand mellem to partikler bestemmende for en af egenværdierne,
hvilket ikke forekommer i middelfeltet. Dette kan muligvis danne grundlaget
for en beskrivelse af koblinger mellem kondensatfasen og de bundne tilstande.
I kapitel 4 sammenføjede vi eekten fra vekselvirkningerne med signaturerne
fra en ydre fælde. Dette resulterer i forskellige typer løsninger til det fulde
radiale problem. Speielt forekommer mangepartikeltilstande, der er bundet
selv uden den ydre fældes indydelse.
I kapitel 5 beskrev vi middelfeltsantagelserne, og løsningerne fra den korrel-
erede metode sammenlignedes med middelfeltsløsninger. Det er muligt at udlede
en tæthedsafhængig vekselvirkning fra de korrelerede beregninger. Slutteligt
vistes det, at gyldigheden af den korrelerede metode strækker sig til områder
med større tætheder og store afvigelser fra middelfeltet.
Stabilitetskriterier og tidsskalaer for forskellige henfaldsmuligheder diskutere-
des i kapitel 6, dog uden at vi studerede de tidsafhængige ligninger, og uden
at vi inkluderede koblinger imellem de forskellige faser ekspliit. Dette er en
mulig udvidelse af metoden. Speielt inklusionen af trepartikelkorrelationer ses
som en nærliggende fremtidig undersøgelse. Tilstande med negativ energi kan
muligvis observeres i eksperimenter, da deres levetid er tilstrækkeligt stor, og
da deres rumlige udstrækning vil udvikle sig anderledes i tiden end for systemer
med positiv energi.
Deformationens indvirking på et bosonsystems egenskaber studeredes i kapi-
tel 7. En ukorreleret fremgangsmåde giver analytiske stabilitetskriterier, hvor
det bedste er i nogenlunde overensstemmelse med et tidsafhængigt middelfelts-
studie og med den eksperimentelt målte værdi. Vi udledte en eektiv dimension,
der kan anvendes i studiet af eektive vekselvirkninger for deformerede syste-
mer eller i en ekstrem grænse med diskret, lavere dimension. Formen for den
eektive vekselvirkning er dog uklar og må i et nøjere studie af korrelationer
udledes fra de eektive potentialer. Foreløbige undersøgelser af et éndimension-
alt system viser, at topartikelkorrelationer er utilstrækkelige for en beskrivelse
af kendte strukturer. Sandsynligvis bør man inkludere trepartikelkorrelationer
for at opnå en tilfredsstillende beskrivelse.
Problematikken omkring fermiongasser kan måske udredes med en form for
topartikelkorrelationer indarbejdet i en hypersfærisk beskrivelse. Dette kan også
vise sig frugtbart inden for andre områder af fysikken, f.eks. i studiet af driplin-
iekerner eller af molekylære klynger.
Umiddelbare udvidelser af de beskrevne metoder er færdiggørelse af studiet
af korrelationer i deformerede systemer og inklusion af ekspliit tidsafhængighed.
Desuden forventes en model indeholdende trepartikelkorrelationer at kunne be-
svare mange spørgsmål, da korrelationer af højere orden sandsynligvis er ubety-
delige selv ved forholdsvist store tætheder. Samtidig kan dette teste gyldigheden
af resultaterne opnået vha. antagelsen om topartikelkorrelationer.
Appendix A
Coordinate transformations
From Shaum's [Spi68℄ p. 124-125 we generalize transformations between large
sets of oordinates. We start with a set of M oordinates denoted by s =
(s1, s2, . . . , sM ) and replae these by another set of M oordinates q = (q1, q2,
. . . , qM ), i.e. si = si(q). We obtain the relation between volume elements and
Laplaians as follows. First dene
hj ≡
∣∣∣∣ ∂s∂qj
∣∣∣∣ , H ≡
M∏
j=1
hj . (A.1)
The Laplaian operators and the volume elements are then onneted by
M∑
i=1
∂2
∂s2i
=
M∑
j=1
∆ˆj , ∆ˆj ≡ ∂
∂qj
H
h2j
∂
∂qj
, (A.2)
M∏
i=1
dsi = H
M∏
j=1
dqj . (A.3)
A.1 Jaobi oordinates for N idential partiles
We start with the oordinate vetors ri for N idential partiles in d spatial
dimensions. These are then transformed to the entre-of-mass oordinates
R =
1
N
N∑
i=1
ri (A.4)
and N − 1 relative Jaobi oordinates ηk for k = 1, 2, . . . , N − 1:
ηN−1 =
1√
2
(r2 − r1) , . . . ,
ηk =
√
N − k
N − k + 1
(
rN−k+1 − 1
N − k
N−k∑
i=1
ri
)
. (A.5)
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The inverse relations are
ri = R −
N−i∑
k=1
1√
(N − k)(N − k + 1)ηk +
√
i− 1
i
ηN−i+1 ,
. . . , rN = R −
√
N − 1
N
η1 . (A.6)
The notation in relation to equation (A.1) is
s =


(r1x, r1y , r1z, r2x, . . . , rNz) for d = 3 ,
(r1x, r1y , r2x, . . . , rNy) for d = 2 ,
(r1x, r2x, . . . , rNx) for d = 1 ,
(A.7)
and q = (R,ηN−1, . . . ,η1). The i'th omponent of the entre-of-mass oordi-
nates obeys hRi = N
1/2
and for the relative omponents hηk,i = 1. Then the
volume element is
N∏
i=1
dri = N
d/2dR
N−1∏
k=1
dηk , (A.8)
where eah vetor denotes d degrees of freedom. The total Laplaian is
∆ˆ
total
≡
N∑
i=1
∂2
∂r2i
= ∆ˆR +
N−1∑
k=1
∂2
∂η2k
, ∆ˆR ≡ 1
N
∂2
∂R2
. (A.9)
A.2 Hyperspherial oordinates
A.2.1 Three partiles in three dimensions
For simpliity we rst study the ase of hyperspherial oordinates for d = 3
spatial dimensions and N = 3 partiles. The Jaobi vetors are
η2 = ρ sinα

 sinϑ2 cosϕ2sinϑ2 sinϕ2
cosϑ2

 , η1 = ρ cosα

 sinϑ1 cosϕ1sinϑ1 sinϕ1
cosϑ1

 . (A.10)
So, we start with six relative oordinates s = (η1x, . . . , η2z) and wish to obtain
the volume element and Laplaian operator in the (new) set of hyperspherial
oordinates q = (ρ, α, ϑ2, ϕ2, ϑ1, ϕ1). In this ase hρ = 1, hα = ρ, hϑ2 = ρ sinα,
hϕ2 = ρ sinα sinϑ2, hϑ1 = ρ cosα, and hϕ1 = ρ cosα sinϑ1, whih yields
H = ρ5 sin2 α cos2 α sinϑ2 sinϑ1 . (A.11)
The terms in the Laplaian then beome
∆ˆρ =
1
H
∂
∂ρ
H
12
∂
∂ρ
=
1
ρ5
∂
∂ρ
ρ5
∂
∂ρ
, (A.12)
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∆ˆα =
1
H
∂
∂α
H
ρ2
∂
∂α
=
1
ρ2 sin2 α cos2 α
∂
∂α
sin2 α cos2 α
∂
∂α
, (A.13)
∆ˆϑ2 + ∆ˆϕ2 = −
lˆ
2
2
ρ2 sin2 α
, (A.14)
lˆ
2
k = −
1
sinϑk
∂
∂ϑk
sinϑk
∂
∂ϑk
− 1
sin2 ϑk
∂2
∂ϕ2k
, (A.15)
∆ˆϑ1 + ∆ˆϕ1 = −
lˆ
2
1
ρ2 cos2 α
, (A.16)
∆ˆ ≡ ∆ˆ
total
− ∆ˆR = 1
ρ5
∂
∂ρ
ρ5
∂
∂ρ
− Λˆ
2
2
ρ2
, (A.17)
Λˆ22 ≡ −
1
sin2 α cos2 α
∂
∂α
sin2 α cos2 α
∂
∂α
+
lˆ
2
2
sin2 α
+
lˆ
2
1
cos2 α
. (A.18)
In this notation ~lˆk is the angular momentum operator assoiated with ηk.
A.2.2 N partiles in three dimensions
The hyperspherial oordinates are related to the Jaobi oordinates by
ηk = ρk sinαk

 sinϑk cosϕksinϑk sinϕk
cosϑk

 , k = 1, 2, . . . , N − 1 , (A.19)
ρk = ρk+1 cosαk+1 = ρ
N−1∏
j=k+1
cosαj , ρ ≡ ρN−1 . (A.20)
The Jaobi oordinates are s = (η1x, . . . , ηN−1,z). With α1 = π/2 the new
set of oordinates is q = (ρ, αN−1, αN−2, . . . , α2, ϑk, ϕk). This yields hρ = 1,
hαk = ρk, hϑk = ρk sinαk, hϕk = ρk sinαk sinϑk, and the volume element is
H = ρ3N−4 ·
(
N−1∏
k=1
sinϑk
)
·
(
N−1∏
k=2
sin2 αk cos
3k−4 αk
)
. (A.21)
Eah degree of freedom ontributes to the Laplaian as follows:
∆ˆρ =
1
H
∂
∂ρ
H
h2ρ
∂
∂ρ
=
1
ρ3N−4
∂
∂ρ
ρ3N−4
∂
∂ρ
, (A.22)
∆ˆαk =
1
ρ2
∏N−1
j=k+1 cos
2 αj
cos4−3k αk
sin2 αk
∂
∂αk
sin2 αk cos
3k−4 αk
∂
∂αk
, (A.23)
∆ˆϑk =
1
ρ2 · (∏N−1j=k+1 cos2 αj)
1
sin2 αk
1
sinϑk
∂
∂ϑk
sinϑk
∂
∂ϑk
, (A.24)
∆ˆϕk =
1
ρ2 · (∏N−1j=k+1 cos2 αj)
1
sin2 αk
1
sin2 ϑk
∂2
∂ϕ2k
. (A.25)
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We then note
∆ˆϕk + ∆ˆϑk =
1
ρ2 · (∏N−1j=k+1 cos2 αj)
−lˆ2k
sin2 αk
. (A.26)
All the terms an be olleted in
∆ˆ = ∆ˆρ +
N−1∑
i=2
∆ˆαk +
N−1∑
i=1
(∆ˆϕk + ∆ˆϑk) = ∆ˆρ −
Λˆ2N−1
ρ2
, (A.27)
Λˆ2k = Πˆ
2
k +
Λˆ2k−1
cos2 αk
+
lˆ
2
k
sin2 αk
, Λˆ21 = lˆ
2
1 , (A.28)
Πˆ2k = −
1
sin2 αk cos3k−4 αk
∂
∂αk
sin2 αk cos
3k−4 αk
∂
∂αk
. (A.29)
A onvenient transformation is
Πˆ2k =
1
sinαk cos(3k−4)/2 αk
[
− ∂
2
∂α2k
− 9k − 10
2
+
(3k − 4)(3k − 6)
4
tan2 αk
]
sinαk cos
(3k−4)/2 αk . (A.30)
A.2.3 N partiles in d dimensions
Without repeating the steps in the derivation we ollet here the results in d
spatial dimensions. In the general dimension the hyperspherial oordinates
an be dened in the same way, when appliable, as for three dimensions. This
means that for the integer dimensions we have the set of oordinates
q =


(ρ, αN−1, . . . , α2, ϕN−1, . . . , ϕ1, ϑN−1, . . . , ϑ1) for d = 3 ,
(ρ, αN−1, . . . , α2, ϕN−1, . . . , ϕ1) for d = 2 ,
(ρ, αN−1, . . . , α2) for d = 1 .
(A.31)
While the oordinates αk ∈ [0, π/2] for d = 3 and d = 2, it is for d = 1 onvenient
to inlude the sign of a Jaobi oordinate in the denition of the orresponding
hyperangle, and thus the appropriate range for d = 1 is αk ∈ [−π/2, π/2]. The
volume element is given by
N−1∏
k=1
dηk = dρρ
d(N−1)−1dΩN−1 , dΩk = dΩ(k)α dΩ
(k)
η dΩk−1 , (A.32)
dΩ1 = dΩ
(1)
η , dΩ
(k)
α = dαk sin
d−1 αk cosd(k−1)−1 αk , (A.33)
dΩ(k)η =


dϕkdϑk sinϑk for d = 3 ,
dϕk for d = 2 ,
1 for d = 1 .
(A.34)
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The relative Laplaian beomes
∆ˆ = ∆ˆρ −
Λˆ2N−1
ρ2
, ∆ˆρ =
1
ρd(N−1)−1
∂
∂ρ
ρd(N−1)−1
∂
∂ρ
, (A.35)
Λˆ2k = Πˆ
2
k +
Λˆ2k−1
cos2 αk
+
lˆ
2
k
sin2 αk
, Λˆ21 = lˆ
2
1 , (A.36)
Πˆ2k = −
1
sind−1 αk cosd(k−1)−1 αk
∂
∂αk
sind−1 αk cosd(k−1)−1 αk
∂
∂αk
,(A.37)
lˆ
2
k =


− 1sinϑk ∂∂ϑk sinϑk ∂∂ϑk − 1sin2 ϑk ∂
2
∂ϕ2
k
for d = 3 ,
− ∂2
∂ϕ2
k
for d = 2 ,
0 for d = 1 .
(A.38)
Useful transformations of the operators are
Πˆ2k =
1
sin(d−1)/2 αk cosld,k+1 αk
[
− ∂
2
∂α2k
+ ld,k(ld,k + 1) tan
2 αk (A.39)
+
(d− 1)(d− 3)
4
cot2 αk +
1− d2(k − 1)
2
]
sin(d−1)/2 αk cosld,k+1 αk ,
∆ˆρ =
1
ρld,N+1
[
∂2
∂ρ2
− ld,N(ld,N + 1)
ρ2
]
ρld,N+1 , ld,k ≡ d(k − 1)− 3
2
. (A.40)
with non-negative integers νk = 0, 1, 2, . . ..
A.3 Hyperylindrial oordinates
Apart from using the same oordinates as in the spherial ase, there are, at
least, two alternative methods for desribing a system with ylindrial symmetry
or dierent geometries along all three oordinate axes.
Combination of one and two dimensions
The relative oordinates, whih are important when desribing orrelations, an
be desribed by the usual N − 1 Jaobi vetors, whih are now related to two
hyperradii and orresponding hyperangles by
ηk =

 ρ⊥,k sinαk cosϕkρ⊥,k sinαk sinϕk
ρz,k sinβk

 , k = 1, 2, . . . , N − 1 , (A.41)
where ρ⊥,N−1 = ρ⊥ and ρ⊥,k = ρ⊥ cosαN−1 · · · cosαk+1 for k = 1, 2, . . . , N − 2.
Analogue relations hold for ρz,k, espeially ρz,N−1 = ρz . The reursions stop at
β1 = α1 = π/2. We olletively denote the angles by Ω.
∗
The volume element
∗
The desription an be extended to desribe deformations along all axes. Then the ρ⊥-part
is separated into ρx- and ρy-parts, that are similar to the ρz-part in the present desription.
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beomes
N−1∏
k=1
dηk = dρ⊥ρ
2(N−1)−1
⊥ dρzρ
(N−1)−1
z dϕ1 × (A.42)
N−1∏
k=2
[
dαk sinαk cos
2(k−1)−1 αk dβk cos(k−1)−1 βk dϕk
]
.
The relative Laplaian operator beomes
∆ˆ = ∆ˆρz + ∆ˆρ⊥ −
Λˆ22,N−1
ρ2⊥
− Λˆ
2
1,N−1
ρ2z
, (A.43)
∆ˆρq =
1
ρ
d(N−1)−1
q
∂
∂ρq
ρd(N−1)−1q
∂
∂ρq
, (A.44)
where d = 1 for q = z, d = 2 for q =⊥, and Λˆd,N−1 is the operator in d
spatial dimensions given previously by equation (A.36). The angles to enter
equation (A.36) are for d = 1 the βk's, and for d = 2 the αk's and ϕk's .
Parametrization of the hyperradius
Alternatively, one ommon hyperradius an be used along with an angle θ whih
parametrizes the axial and plane ontributions as follows:
ηk = ρ

 sin θ cosαN−1 · · · cosαk+1 sinαk cosϕksin θ cosαN−1 · · · cosαk+1 sinαk sinϕk
cos θ cosβN−1 · · · cosβk+1 sinβk

 , (A.45)
with β1 = α1 = π/2. The volume element and the relative Laplaian beomes
N−1∏
k=1
dηk = dρρ
3(N−1)−1dθ cos(N−1)−1 θ sin2(N−1)−1 θ × (A.46)
dϕ1
N−1∏
k=2
[
dαk sinαk cos
2(k−1)−1 αk dβk cos(k−1)−1 βk dϕk
]
,
∆ˆ = ∆ˆρ + ∆ˆθ −
Λˆ22,N−1
ρ2 sin2 θ
− Λˆ
2
1,N−1
ρ2 cos2 θ
, (A.47)
∆ˆρ =
1
ρ3N−4
∂
∂ρ
ρ3N−4
∂
∂ρ
, (A.48)
∆ˆθ =
1
ρ2
1
cosN−2 θ sin2N−3 θ
∂
∂θ
cosN−2 θ sin2N−3 θ
∂
∂θ
, (A.49)
where Λˆd,N−1 is the operator in d spatial dimensions as before.
Appendix B
Hyperangular matrix elements
B.1 Alternative Jaobi trees
For use in the alulation of matrix elements dierent Jaobi trees have to be
hosen [SS77℄. The relevant ones in the ontext of the Faddeev- and angular
variational equations are shown in gure B.1.
The oordinates of the standard tree of gure B.1a are dened by
ηN−1 =
1√
2
(r2 − r1) , (B.1)
ηN−2 =
√
2
3
[
r3 − 1
2
(r2 + r1)
]
, . . . , (B.2)
η1 =
√
N − 1
N
[
rN − 1
N − 1(rN−1 + . . .+ r1)
]
. (B.3)
In the (12)(34)-tree of gure B.1b two of the vetors are dierent from the
standard tree:
ηN−2 =
1√
2
(r4 − r3) , (B.4)
ηN−3 =
1
2
(r4 + r3 − r2 − r1) . (B.5)
In the (123)(45)-tree of gure B.1 two of the vetors dier from the standard
tree:
ηN−3 =
1√
2
(r5 − r4) , (B.6)
ηN−4 =
√
6
5
[
1
2
(r5 + r4)− 1
3
(r3 + r2 + r1)
]
. (B.7)
In the (12)(345)-tree of gure B.1d three of the vetors deviate from the
standard tree:
ηN−2 =
1√
2
(r4 − r3) , (B.8)
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a)
❄
✲
❄
✲❍❍❍❍❍❍❍❥
1
2
3
4
5
6
✉
✉
✉
✉
✉
✉
ηN−1
ηN−2
ηN−3
ηN−4
ηN−5
. . .
b)
✻
✲
✻
1
2
3
4
✉ ✉
✉ ✉
ηN−1 ηN−2
ηN−3
)
✻
❍❍❍❍❍❍❥
✟✟
✟✟
✟✯
❅
❅❅❘
1
2
3
4
5
✉ ✉
✉ ✉
✉ηN−1
ηN−2
ηN−3
ηN−4
d)
✻
✲
❅
❅
❅❘✁✁
✁✁☛
1
2
5
3
4
✉
✉
✉
✉
✉
ηN−1
ηN−2
ηN−3
ηN−4
e)
✻
✟✟
✟✟
✟✟✯
✲
❍❍❍❍❥ 
 ✠
1
2 3 4
5
6✉
✉ ✉ ✉
✉
✉
ηN−1
ηN−2
ηN−3
ηN−4
ηN−5
Figure B.1: Jaobi trees: a) standard, b) (12)(34), ) (123)(45), d) (12)(345),
and e) (12)(34)(56).
ηN−3 =
√
2
3
[
r5 − 1
2
(r4 + r3)
]
, (B.9)
ηN−4 =
√
6
5
[
1
3
(r5 + r4 + r3)− 1
2
(r2 + r1)
]
. (B.10)
In the (12)(34)(56)-tree of gure B.1e four vetors are dierent:
ηN−2 =
1√
2
(r4 − r3) , ηN−3 =
1√
2
(r6 − r5) , (B.11)
ηN−4 =
1
2
(r4 + r3 − r2 − r2) , (B.12)
ηN−5 =
√
4
3
[
1
2
(r6 + r5)− 1
4
(r4 + r3 + r2 + r1)
]
. (B.13)
Sine only inter-relations between ηN−1, ηN−2, and ηN−3 are needed in
evaluating the matrix elements, we use the ommon notation:
ηN−1 = ρ sinα , ηN−2 = ρ cosα sinβ (B.14)
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ηN−3 = ρ cosα cosβ sin γ , ηk · ηl = ηkηl cosϑk,l . (B.15)
Here ϑk,l is the angle between the k'th and l'th Jaobi vetors. We abbreviate
ϑN−1,N−2 → ϑx, ϑN−1,N−3 → ϑy, and ϑN−2,N−3 → ϑz. An azimuthal angle ϕ
determining the projetion of ηN−3 onto the plane of ηN−1 and ηN−2 is dened
in the usual way suh that
cosϑz = sinϑx sinϑy cosϕ+ cosϑx cosϑy . (B.16)
With τ = {β, γ, ϑx, ϑy, ϕ} a matrix element of an arbitrary funtion f of all the
variables α and τ then beomes∫
dτ f(α, τ) =
∫
dτ˜ f(α, τ)∫
dτ˜
, (B.17)
∫
dτ˜ g(α, τ) =
∫ pi/2
0
dβ sin2 β cos3N−10 β
∫ pi/2
0
dγ sin2 γ cos3N−13 γ
×
∫ pi
0
dϑx sinϑx
∫ pi
0
dϑy sinϑy
∫ 2pi
0
dϕ g(α, τ) . (B.18)
The normalization is expliitly
∫
dτ = 1. In the following matrix elements we
need relations for interpartile distanes and therefore dene ηij ≡ (rj−ri)/
√
2
and the angle αij related to ηij = ρ sinαij = rij/
√
2.
B.2 Matrix elements: Faddeev
Equations (2.73) and (2.74) are evaluated as follows.
In the integral
∫
dτ φ(α34) a onvenient hoie of oordinates is the alter-
native Jaobi (12)(34)-tree of gure B.1b. The angle α34 is assoiated with the
distane r34 =
√
2η34 by the relation
η34 = ηN−2 = ρ cosα sinβ = ρ sinα34 ⇐⇒ sinα34 = cosα sinβ . (B.19)
The integrand φ(α34) only depends on α34, whih is a funtion of α and β.
Therefore at xed α equation (B.17) redues to
∫
dτ φ(α34) =
∫ pi/2
0 dβ sin
2 β cos3N−10 β φ(α34)∫ pi/2
0 dβ sin
2 β cos3N−10 β
= (B.20)
4√
π
Γ
(
3N−6
2
)
Γ
(
3N−9
2
) ∫ pi/2
0
dβ sin2 β cos3N−10 β φ(α34) ≡ Rˆ(N−2)34 φ(α) .
To desribe three partiles in
∫
dτ φ(α13) simultaneously, Jaobi vetors of
the standard tree are needed. The distane between partiles 1 and 3 is related
to the orresponding Jaobi vetor
η13 =
1√
2
(r3 − r1) = 1
2
ηN−1 +
√
3
2
ηN−2 , (B.21)
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The hyperangle α13, assoiated with the distane between partiles 1 and 3
through η13 = r13/
√
2 = ρ sinα13, is then
sin2 α13 =
1
4
sin2 α+
3
4
cos2 α sin2 β +
√
3
2
sinα cosα sinβ cosϑx , (B.22)
where ϑx is the angle between the Jaobi vetors ηN−1 and ηN−2. Note that
φ(α13), through α13, for xed α depends on β and ϑx, whih leaves a two-
dimensional integral. Therefore equation (B.17) beomes
∫
dτ φ(α13) =
∫ pi/2
0 dβ sin
2 β cos3N−10 β
∫ pi
0 dϑx sinϑx φ(α13)∫ pi/2
0
dβ sin2 β cos3N−10 β
∫ pi
0
dϑx sinϑx
(B.23)
=
2√
π
Γ
(
3N−6
2
)
Γ
(
3N−9
2
) ∫ pi/2
0
dβ sin2 β cos3N−10 β
∫ pi
0
dϑx sinϑx φ(α13) .
This integral an be redued to one dimension by a partial integration. The
nal one-dimensional integral beomes
∫
dτ φ(α13) =
4√
3π
Γ
(
3N−6
2
)
Γ
(
3N−7
2
) sin−1 α cos8−3N α×
[ ∫ pi/2−|pi/6−α|
(α−pi/3)Θ(α>pi/3)
dα13 cos
3N−9 γ+ sinα13 cosα13φ(α13)− (B.24)
∫ (pi/3−α)Θ(pi/3>α)
0
dα13 cos
3N−9 γ− sinα13 cosα13φ(α13)
]
≡ Rˆ(N−2)13 φ(α) ,
where sin2 γ± = 4(sin2 α+sin2 α13∓sinα sinα13)/3, and Θ is the truth funtion.
B.3 Matrix elements: variational
We rst divide the integrals of equation (2.81) into similar terms, then ompute
them in general, and nally in the short-range limit.
B.3.1 Numbers of dierent terms
We have to evaluate the double sums of equation (2.81) inluding the potential:
N∑
k<l
vkl
N∑
i<j
φij . (B.25)
Three types of terms our, due to the fat that we vary the wave funtion
omponent φ∗12 in equation (2.80): the potential onerning partiles 1 and 2,
the potential onerning one of the partiles 1 or 2 and a third partile and the
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potential onerning neither partile 1 nor 2, but a third and a fourth partile.
We obtain
N∑
k<l
vkl = v12 +
N∑
l=3
v1l +
N∑
l=3
v2l +
N∑
3≤k<l
vkl
→ v12 + 2(N − 2)v13 + 1
2
(N − 2)(N − 3)v34 , (B.26)
where the arrow indiates the identity of the terms after integration over all
angles exept α12, i.e. analogously to the steps leading up to equation (2.72).
Treating eah of these in the quadruple sum, where the repeated use of arrows
(→) has the meaning given just above:
Fixing φ∗12 and v12 yields three dierent terms:
v12
N∑
i<j
φij = v12
(
φ12 +
N∑
j=3
φ1j +
N∑
j=3
φ2j +
N∑
3≤i<j
φij
)
→ v12
[
φ12 + 2(N − 2)φ13 + 1
2
(N − 2)(N − 3)φ34
]
, (B.27)
as shown in gure B.2.
a)
1
2
✉
✉
φ∗, v, φ
b)
1
2
3
✉
✉
✉
φ∗, v
φ
)
1
2
3
4
✉ ✉
✉✉
φ∗, v φ
Figure B.2: Illustration of φ∗12v12-terms.
Fixing φ∗12 and v13 yields seven dierent terms. These an be identied in
two steps, the rst of whih separates into four dierent sums:
v13
N∑
i<j
φij = v13
( N∑
j=2
φ1j +
N∑
j=3
φ2j +
N∑
j=4
φ3j +
N∑
4≤i<j
φij
)
. (B.28)
Eah of these four terms are then identied as:
v13
N∑
j=2
φ1j = v13
(
φ12 + φ13 +
N∑
j=4
φ1j
)
→ v13
[
φ12 + φ13 + (N − 3)φ14
]
, (B.29)
v13
N∑
j=3
φ2j = v13
(
φ23 +
N∑
j=4
φ2j
)
→ v13
[
φ23 + (N − 3)φ24
]
, (B.30)
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v13
N∑
j=4
φ3j → v13(N − 3)φ34 , (B.31)
v13
N∑
4≤i<j
φij → v13 1
2
(N − 3)(N − 4)φ45 . (B.32)
The resulting seven types are shown in gure B.3.
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✉
✉
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v, φ
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❅
1
2
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✉
✉
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v
φ
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 
 
 
 
 
 
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✉ ✉
✉✉
φ∗
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✉ ✉
✉✉
φ∗
v
φ
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1
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4
✉ ✉
✉✉
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φ
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1
2
3
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✉ ✉
✉✉ ✉
φ∗
v
φ
Figure B.3: Illustration of φ∗12v13-terms.
Fixing φ∗12 and v34 yields six dierent terms, identied as follows. The rst
step is:
v34
N∑
i<j
φij = v34
( N∑
j=2
φ1j + (B.33)
N∑
j=3
φ2j +
N∑
j=4
φ3j +
N∑
j=5
φ4j +
N∑
5≤i<j
φij
)
.
In the next step the sums are treated:
v34
N∑
j=2
φ1j = v34
(
φ12 + φ13 + φ14 +
N∑
j=5
φ1j
)
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→ v34
[
φ12 + 2φ13 + (N − 4)φ15
]
, (B.34)
v34
N∑
j=3
φ2j = v34
(
φ23 + φ24 +
N∑
j=5
φ2j
)
→ v34
[
2φ13 + (N − 4)φ15
]
,(B.35)
v34
N∑
j=4
φ3j = v34
(
φ34 +
N∑
j=5
φ3j
)
→ v34
[
φ34 + (N − 4)φ35
]
, (B.36)
v34
N∑
j=5
φ4j → v34(N − 4)φ35 , (B.37)
v34
N∑
5≤i<j
φij → v34 1
2
(N − 4)(N − 5)φ56 . (B.38)
See the six types in gure B.4.
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✉ ✉
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e)
1
2
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φ
v
f)
1
2
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4
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✉
✉
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✉ ✉
✉
φ∗ v φ
Figure B.4: Illustration of φ∗12v34-terms.
B.3.2 Evaluation of terms
The term of gure B.2a is trivial sine the integrand is independent of τ . The
terms of gures B.2b B.2, B.3a, B.3b, B.4a, and B.4 an be evaluated by
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equations (B.21) and (B.24).
The term of gure B.3 beomes with the use of the standard Jaobi tree of
gure B.1a
∫
dτ f(α13) g(α23) =
2√
π
Γ
(
3N−6
2
)
Γ
(
3N−9
2
) ×
∫ pi/2
0
dβ sin2 β cos3N−10 β
∫ pi
0
dϑ sinϑ f(α13) g(α23) , (B.39)
sin2 α13,23 =
3
4
cos2 α sin2 β +
1
4
sin2 α±
√
3
2
cosα sinα sinβ cosϑ .(B.40)
The term of gure B.4f beomes with the use of the alternative (12)(34)(56)-
tree of gure B.1e∫
dτ v(α34) φ(α56) =
2AN
π
× (B.41)∫
dβ sin2 β cos3N−10 β
∫
dγ sin2 γ cos3N−13 γ v(α34) φ(α56) ,
sinα34 = cosα sinβ , sinα56 = cosα cosβ sin γ , (B.42)
AN ≡ (3N − 8)(3N − 10)(3N − 12) . (B.43)
The terms of gures B.3g, B.4b, and B.4d are evaluated using the (123)(45)-
and (12)(345)-trees of gures B.1 and B.1d, so∫
dτ I5(α, τ) =
AN
π
∫ pi/2
0
dβ sin2 β cos3N−10 β × (B.44)
∫ pi/2
0
dγ sin2 γ cos3N−13 γ
∫ pi
0
dϑx,z sinϑx,z I5(α, τ) ,
where I5(α, τ) an be either v(α34)φ(α35) or f(α13)g(α45). The relevant angles
are
sinα34 = cosα sinβ , sinα45 = cosα cosβ sin γ , (B.45)
sin2 α35 =
cos2 α
4
(
3 cos2 β sin2 γ + sin2 β
+2
√
3 cosβ sinβ sin γ cosϑz
)
, (B.46)
and α13 given by equation (B.22). Note the identity
∫
dτ v(α34)φ(α15) =∫
dτ φ(α13) v(α45).
The terms of gures B.3d, B.3e, B.3f, and B.4e are evaluated using the
standard Jaobi tree. Then equation (B.17) redues to, with i = 1, 2, 3,∫
dτ f(α13) g(αi4) =
AN
4π2
∫ pi/2
0
dβ sin2 β cos3N−10 β
∫ pi
0
dϑx sinϑx ×∫ pi/2
0
dγ sin2 γ cos3N−13 γ
∫ pi
0
dϑy sinϑy
∫ 2pi
0
dϕ f(α13) g(αi4) . (B.47)
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The angles αij an be determined by ρ sinαij = ηij through the relations
η13 =
√
3
2
ηN−2 +
1
2
ηN−1 , (B.48)
η14 =
√
2
3
ηN−3 +
1
2
√
3
ηN−2 +
1
2
ηN−1 , (B.49)
η24 =
√
2
3
ηN−3 +
1
2
√
3
ηN−2 −
1
2
ηN−1 , (B.50)
η34 =
√
2
3
ηN−3 −
1√
3
ηN−2 . (B.51)
B.3.3 Results in the short-range limit
The integrals in the short-range limit, when the range b of V (rij) is muh smaller
than the size sale ρ, are:
∫
dτ v(α34)φ(α13) ≃ v1(α)Rˆ(2)3413φ(α) , (B.52)∫
dτ v(α34)φ(α15) ≃ v1(α)Rˆ(N−3)13 φ(α) , (B.53)∫
dτ v(α34)φ(α34) = Rˆ
(N−2)
34 vφ(α) ≃ v1(α)φ(0) , (B.54)∫
dτ v(α34)φ(α35) ≃ v1(α)Rˆ(1)3435φ(α) , (B.55)∫
dτ v(α34)φ(α56) ≃ v1(α)Rˆ(N−3)34 φ(α) , (B.56)∫
dτ v(α13)φ(α13) = Rˆ
(N−2)
13 vφ(α) ≃ v2(α)φ(0) , (B.57)∫
dτ v(α13)φ(αi4) ≃ v2(α)Rˆ(2)1314φ(α) ; i = 1, 3 , (B.58)∫
dτ v(α13)φ(α23) ≃ v2(α)φ(α) , (B.59)∫
dτ v(α13)φ(α24) ≃ v2(α)Rˆ(2)1324φ(α) , (B.60)∫
dτ v(α13)φ(α45) ≃ v2(α)Rˆ(1)1345φ(α) . (B.61)
The integrals are given by
Rˆ
(1)
ijklφ(α) ≡
4√
π
Γ
(
3N−9
2
)
Γ
(
3N−12
2
) ∫ pi/2
0
dγ sin2 γ cos3N−13 γ φ(α0kl) , (B.62)
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where sinα035 ≡
√
3 cosα sin γ/2, sinα045 ≡ cosα cosβ0 sin γ, sinβ0 ≡ tanα/
√
3,
and
Rˆ
(2)
ijklφ(α) ≡
2√
π
Γ
(
3N−9
2
)
Γ
(
3N−12
2
) ∫ pi/2
0
dγ sin2 γ cos3N−13 γ
×
∫ pi
0
dϑx sinϑx φ(α
0
kl) , (B.63)
sin2 α014 ≡
1
9
sin2 α+
2
3
cos2 α cos2 β0 sin
2 γ
+
2
√
2
3
√
3
sinα cosα cosβ0 sin γ cosϑx , (B.64)
sin2 α024 ≡
4
9
sin2 α+
2
3
cos2 α cos2 β0 sin
2 γ
+
4
√
2
3
√
3
sinα cosα cosβ0 sin γ cosϑx , (B.65)
sin2 α013 ≡
1
4
sin2 α+
1
2
cos2 α sin2 γ
+
1√
2
sinα cosα sin γ cosϑx . (B.66)
The two-dimensional integral Rˆ
(2)
ijklφ(α) an be redued to a one-dimensional
integral, analogously to equation (B.24), by a transformation of the general
form
I =
∫ pi/2
0
dγ sin2 γ cosp γ
∫ pi
0
dϑ sinϑ φ(α′) , (B.67)
sin2 α′ = f2(α) + g2(α) sin2 γ + 2f(α)g(α) sin γ cosϑ , (B.68)
to the one-dimensional integral
I =
1
2f(α)g(α)(p+ 1)
[∫ α′+
MAX{0,α′−}
dα′ sin 2α′ cosp+1 γ+ φ(α′)
−
∫
MAX{0,−α′−}
0
dα′ sin 2α′ cosp+1 γ− φ(α′)
]
, (B.69)
sin γ± ≡ ± sinα
′ − f(α)
g(α)
, sinα′± = f(α)± g(α) . (B.70)
The funtion MAX{x, y} outputs the largest of the two numbers x and y.
Appendix C
Properties of Jaobi funtions
The Jaobi funtion P(a,b)ν (x) is related to the hyperangular kineti-energy
eigenfuntions. More speially, an eigenfuntion to the operator Πˆ2k from
equation (A.37) is P(a,b)ν (x) with x = cos 2αk, a = (d − 2)/2, and b = d(k −
1)/2− 1. Some relevant properties of these funtions in the relation to the hy-
perspherial treatments are given by Nielsen et al. [NFJG01℄. The important
properties in this ontext are the following [AS65, NFJG01℄.
The Jaobi funtion P(a,b)ν (x) is a solution to the dierential equation
(1 + x2)y′′(x) + [a+ b+ (a+ b+ 1)x]y′(x) + ν(ν + a+ b+ 1)y(x) = 0 . (C.1)
A seond solution is P(b,a)ν (−x), whih for integer ν is idential to P(a,b)ν (x).
For non-integer ν the Jaobi funtion Pν(x) is regular at x = 1 and irregular at
x = −1. We will for integer ν not onsider the irregular solution, whih diverges
at both x = ±1.
Important relations for the Jaobi funtion are
P(a,b)ν (x) =
Γ(ν + a+ 1)
Γ(ν + 1)Γ(a+ 1)
F
(
− ν, ν + a+ b+ 1; a+ 1; 1− x
2
)
, (C.2)
P(b,a)ν (x) =
Γ(−a)
Γ(ν + 1)Γ(−ν − a)F
(
− ν, ν + a+ b + 1; 1 + a; 1 + x
2
)
+
Γ(a)Γ(ν + b+ 1)
Γ(ν + 1)Γ(−ν)Γ(nu+ a+ b+ 1)
(
1 + x
2
)−a
×F
(
ν + b+ 1,−ν − a; 1− a; 1 + x
2
)
, (C.3)
where F is the hypergeometri funtion 2F1 [AS65℄.
For small values of the argument αk they an be rewritten via
P(a,b)ν (x) = P(b,a)ν (−x) cosπν −Q(b,a)ν (−x) sinπν , (C.4)
P(a,b)ν (cos 2α) =
Γ(ν + a+ 1)
Γ(ν + 1)Γ(a+ 1)
, (C.5)
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Q(a,b)ν (cos 2α) =
Γ(a)Γ(ν + b+ 1)
πΓ(ν + a+ b + 1)
α−2a for a > 0 . (C.6)
Some properties of the gamma funtion Γ(x) are Γ(x+ 1) = xΓ(x),
Γ(x)Γ(1 − x) = π/ sin(πx), and Γ(A+ x)/Γ(A)→ Ax for A≫ |x|.
Rotation properties
For integer values of the quantum number ν the Jaobi funtion for d = 3 and
k = N − 1, i.e. a = 1/2 and b = 3N/2 − 4, an be written as the polynomial
(omitting upper indies)
Pν(cos 2α) =
ν∑
n=0
cν,n sin
2n α , (C.7)
cν,0 = 1 , (C.8)
cν,n+1 = −cν,n (3N − 5)(ν − n) + 2(ν
2 − n2)
(n+ 1)(2n+ 3)
. (C.9)
Some rotation properties of these kineti-energy eigenfuntions are
Rˆ
(N−2)
13 P0 = P0 , Rˆ(N−2)34 P0 = P0 , (C.10)
Rˆ
(N−2)
13 P1 =
N − 5
4(N − 2)P1 , (C.11)
Rˆ
(N−2)
34 P1 = −
1
N − 2P1 . (C.12)
Related properties are
Rˆ
(N−2)
13 sin
2 α =
1
4(N − 2)
[
3 + (N − 5) sin2 α] , (C.13)
Rˆ
(N−2)
34 sin
2n α =
Γ
(
3N−6
2
)
Γ
(
3N−6
2 + n
) Γ( 32 + n)
Γ
(
3
2
) cos2n α . (C.14)
Appendix D
Numerial salings of angular potential
Chapter 3 ontained an aount of the properties of the numerially obtained an-
gular eigenvalues. We ollet here some of the details behind the parametrization
of the angular eigenvalue in equations (3.37) and (3.38). They were published
as a part of a larger artile [SFJ03a℄ and are kept here for ompleteness.
D.1 Eetive dependene on the sattering length
The angular eigenvalue spetrum oinides with the free spetrum at both small
and large hyperradii; at ρ = 0 beause all interations are multiplied by ρ2 and
at ρ = ∞ beause the short-range interation has no eet at innitely large
distanes. Thus, perturbation theory for a Gaussian potential shows that for
small ρ the eigenvalues all hange from their hyperspherial values λν(0) =
2ν(2ν + 3N − 5) with ν = 0, 1, . . . as
λν(ρ)− λν(0) = mV (0)
~2
N(N − 1)ρ2 . (D.1)
If the two-body potential is attrative, but too weak to support a bound
state, the eigenvalues reah a minimum and then return to one of the nite hy-
perspherial values. For a two-body bound state of energy E(2) one eigenvalue
diverges as λ = 2mE(2)ρ2/~2. The orresponding struture desribes, appropri-
ately symmetrized, one pair of partiles in that bound state and all others far
apart from the pair and from eah other. In addition to this nite number of
suh eigenvalues the hyperspherial spetrum emerges at large distanes.
To illustrate we show in gure D.1 a number of angular eigenvalues λ as
funtions of hyperradius for dierent potentials. The entirely positive (solid line)
orresponds to a repulsive Gaussian. The urves diverging at large hyperradii
(dotted and thik dot-dashed lines) orrespond to potentials with one bound
two-body state.
The onvergene of λ as ρ→ 0 is due to the nite range of the potential and
depends on the interation range b. The deep minima at small to intermediate
distanes depend strongly on both the number of partiles and the strength of
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λ1(−1, 1)
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Figure D.1: Angular eigenvalues λν (divided by 10
5
) as funtions of hyperradius
divided by interation range, ρ/b, for N = 100, for sattering lengths as/b and
numbers of bound two-body states N
B
indiated as λν(as/b,NB) on the gure.
the attration. Inreasing the strength of the attration leads to larger negative
values of λ. This trend ontinues by inreasing the attration even further until
the same sattering length is reahed but now with one bound two-body state.
The asymptoti behaviour of λ is ompared to the zero-range result λδ in
gure D.2. The onvergene to the limiting value is fastest for the smallest
value of as (dashed urve) already reeting that the orrelations arising for
large sattering lengths (dotted line) annot be aounted for by the simple
zero-range result. This is well understood for three partiles where the Emov
eet (very large as) extends orrelations in hyperradius to distanes around
four times the average sattering length [FJ93, JGF97℄. These eets are not
present in the mean-eld type of zero-range expetation value ontained in λδ.
When ρ exeeds as by a suiently large amount λδ is approahed.
The positive sattering length also leads to an eigenvalue approahing λδ
at large distane with a similar onvergene rate (solid urve). A stronger at-
tration orresponding to one bound two-body state produes one diverging
eigenvalue while the seond eigenvalue onverges towards the lowest hypersphe-
rial value (dot-dashed urve). It almost oinides with the lowest eigenvalue for
the same sattering length but for a potential without bound two-body states
(dotted urve).
The deviations from λδ at large distane is in all ases less than 10%. The
asymptoti behaviour is very smooth but still originating in systemati numer-
ial inauraies whih an be ured by inreasing the number of integration
points in the nite-dierene sheme.
D.2. Dependene on the number of partiles 129
λ1(−10, 1)
λ0(−10, 0)
λ0(−1, 0)
λ0(1, 0)
ρ/b
λ
ν
/
λ
δ
105104103102
1.5
1
0.5
0
Figure D.2: Same as gure D.1, but the angular potential is shown in units of
the zero-range result in equation (3.31).
D.2 Dependene on the number of partiles
The angular eigenvalues inrease rapidly with N as seen from the N7/2-de-
pendene in λδ, equation (3.31). The major variation in magnitude is then
aounted for by using this large-distane zero-range result as the saling unit.
Figure D.3 shows a series of alulations for the same two-body interation for
dierent numbers of atoms. All urves are similar, i.e. there is a systemati
inrease in the harateristi hyperradius, where the urves bend over and ap-
proah the zero-range result. The large-distane asymptote is determined by
the sattering length. A harateristi length ρa is onveniently dened by
ρa(N) ≡ N7/6|as| , (D.2)
where the power is obtained numerially to be very lose to the indiated value
7/6.
The quality of this saling is seen in gure D.4 where all urves essentially
oinide for distanes smaller than ρa. At larger hyperradii the zero-range re-
sult of +1 should be obtained. However, here numerial inauraies produe
systemati deviations from a ommon urve, i.e. the deviations inrease with
N .
The numerial urves an be rather well reprodued by the funtion
λ(−)(N, ρ) = |λδ(N, ρ)| · g(−)(ρ/ρa) , (D.3)
g(−)(x) = g∞
(
1− e−x/xa)(1 + xb
x
)
, (D.4)
where g∞ has the value −1 in aurate alulations, beause as < 0. The
exponential term reprodues the rather steep approah to the asymptoti value
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Figure D.3: The lowest angular eigenvalue as a funtion of hyperradius for
as/b = −401 for four dierent numbers of partiles N = 102, 103, 104, 105. The
angular potentials are in units of λδ.
as seen in gure D.4. The behaviour at smaller distane, depending on the
range of the interation, is here simulated by the xb-term. The extreme limit
of ρ → 0 is not omputed and not inluded in the approximate funtion in
equation (D.4).
The two groups of omputations in gure D.4 are reasonably reprodued by
the parameter sets xa ≃ 0.74, xb ≃ 2.3 · 10−3, and g∞ ≃ −0.8 or g∞ ≃ −0.4 for
the high and low auray, respetively. These parameters may also depend on
the sattering length. Table D.1 gives the best hoie of parameters for dierent
as.
as/b −5.98 −401 −799 −4212
−g∞ 0.99 0.80 0.65 0.30
xa 1.06 0.74 0.59 0.28
−g∞/xa 0.93 1.081 1.099 1.077
xb 0.15 2.3 · 10−3 1.15 · 10−3 2.2 · 10−4
xb/(b/|as|) 0.92 0.922 0.919 0.927
Table D.1: Numerial values of g∞, xa, and xb for four sattering lengths.
It should be notied that −g∞ and xa both are of order unity, and that
the fration g∞/xa is almost onstant, exept for the smallest sattering length.
The parameter xb, introdued to aount for the nite interation range, is lose
to b/|a
s
|.
At large hyperradii, where xa ≪ ρ/ρa or equivalently ρ ≫ N7/6|as|, λ(−)
approahes g∞|λδ|. The expeted large-distane asymptoti behaviour is λ(−) →
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Figure D.4: The same as gure D.3, but with ρ in units of ρa. The larger points
following the intermediate urve (g∞ = −0.8) are alulated with the highest
numerial auray and the smaller points along the upper urve (g∞ = −0.4)
are obtained with lower auray. The urve for g∞ = −1.0 is the expeted
orret asymptoti behaviour.
λδ and g∞ should therefore approah −1 in inreasingly aurate alulations.
The results for N = 100 and dierent sattering lengths, see gure D.2, onrm
this onlusion by deviating less than 10% from λδ at large hyperradii.
A well-established result for N = 3 idential bosons is the large-distane
behaviour [JGF97℄
λδ(N = 3, ρ) =
48as√
2πρ
, (D.5)
whih is in agreement with λδ obtained from equation (3.31) for N = 3. Then
the universal funtion g(−) asymptotially approahes g∞ = −1 for all sattering
lengths.
The funtion g(−) is almost independent of N . This ombined with the
onlusion for N = 3 implies that g∞ = −1 is valid for all sattering lengths
and partile numbers.
The angular eigenvalue is given by g(−)(x) ≃ g∞x/xa for xb ≪ ρ/ρa ≪ xa.
Numerial alulations in this intermediate region of hyperradii therefore rather
aurately determines the fration g∞/xa ≃ −1.08 as given in table D.1. With
g∞ = −1 this implies that xa ≃ 1/1.08 ≃ 0.92. The parameters of g(−)(x) in
equation (D.4) an now be olleted to be
g∞ = −1 , xa ≃ 0.92 , xb ≃ 0.92 b|as| . (D.6)
The auray of the parametrization is seen in gures D.5a-d, where the
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angular eigenvalues are shown in units of λ(−) with the individual set of pa-
rameters from table D.1. A fairly good agreement is found for ρ/ρa > xb.
The remaining deviations our at small hyperradii, whih is not inluded in
the g(−)-parametrization, and at large hyperradii where the numerial ina-
uray inreases with inreasing sattering lengths. On the other hand the
large-distane behaviour is known from analyti onsiderations, whih renders
numerial omputations at these distanes superuous.
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Figure D.5: The lowest angular eigenvalue λ in units of λ(−), equations (D.3)
and (D.4) and table D.1, as funtions of the hyperradius in units of ρa, equa-
tion (D.2). The sattering lengths are given by a) as/b = −401, b) as/b = −799,
) as/b = −4212, and d) as/b = −5.98. The dierent N -values are as indiated.
D.3. Bound two-body state 133
D.3 Bound two-body state
In the presene of a bound two-body state one angular eigenvalue eventually
diverges at large hyperradii as
λ(2)(ρ) =
2mρ2
~2
E(2) , E(2) < 0 , (D.7)
where E(2) is the energy of the two-body bound state. In the limit of weak
binding, or for numerially large sattering lengths, the energy of the two-body
bound state is given by
E(2) = − ~
2
ma2s
c , (D.8)
where c approahes unity for large sattering lengths.
The angular eigenvalue orresponding to a two-body bound state is para-
metrized by an expression similar to equations (D.3) and (D.4). The eet of
the bound two-body state only shows up at large distanes where the behaviour
orresponds to equation (D.8). The small and intermediate distanes resemble
the behaviour when no bound state is present. Therefore the angular eigenvalue
is given by the parametrization
λ(+)(N, ρ) = |λδ(N, ρ)| g(+)(ρ/ρa) , (D.9)
g(+)(x) = x
(
1 +
xb
x
)(g∞
xa
− c4
3
√
π
3
x2
)
, (D.10)
with the notation and estimates from equation (D.6), i.e. xb ≃ 0.92b/|as| and
g∞/xa ≃ −1.08. The terms in the seond braket of this expression only aim at
the orret behaviour in the limits of small to intermediate and large hyperradii.
The exat transition between these regions is not reprodued.
Figure D.6 shows a omparison of the parametrization in equations (D.9)
and (D.10) with the omputed angular eigenvalues for a potential with one
bound two-body state. For the large sattering length in gure D.6a one smooth
urve applies for all the partile numbers; numerial inauraies set in at larger
hyperradii, whih is most obvious for the largest partile numbers. This smooth
urve is in a large interval of hyperradii at most deviating by 20% from the
parametrized form, and even less than 10% at large hyperradii before numerial
instabilities set in.
The shape at intermediate distanes ould be improved for example by inlu-
sion of a linear term in equation (D.10). The smooth urve at small hyperradii is
outside the range of validity of the parametrization, i.e. this is within the range
of the two-body potential and therefore depends on details of the interation.
The lowest eigenvalue diverges at large hyperradius as desribed in onne-
tion with gure D.6a and equation (D.9). If the two-body potential only has
one bound state the seond eigenvalue is expeted to approah zero at large
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Figure D.6: a) The lowest angular eigenvalue λ0 in units of λ
(+)
, equations (D.9)
and (D.10), for as/b = +100 and c = 1.02, when the potential holds one bound
two-body state. The number of partiles is indiated on the gure. The pa-
rameters are g∞/xa = −1.09 and xb = 9.2 · 10−3. b) The rst exited angular
eigenvalue λ1 in units of λδ for as/b = +10.
distanes as λδ. This pattern should be repeated with more than one bound
two-body state, i.e. the rst non-divergent angular eigenvalue should behave
as λδ for large ρ. Figure D.6b therefore ompares the omputed rst exited
angular eigenvalue with λδ for dierent N . As in gure D.4 smooth and al-
most universal urves are obtained at small ρ, where the approah to unity
sets in exponentially fast depending on N , but now for ρ one or two orders
of magnitude larger than ρa. A parametrization would also here be possible.
The large-distane asymptoti behaviour of the rst exited state orresponds
to a repulsive potential as seen by the approah to +1. However, at small and
intermediate hyperradii the potential is attrative (λ1 < 0).
Appendix E
Derivation of eetive dimension
For the ase of N non-interating idential bosons trapped in a ylindrially
deformed harmoni eld the Hamiltonian an be written with the hoie of
oordinates in appendix A.3 as
Hˆ = Hˆρ + Hˆθ + TˆΩ , (E.1)
2mHˆρ
~2
= − 1
ρ3N−4
∂
∂ρ
ρ3N−4
∂
∂ρ
+
ρ2
b4⊥
, (E.2)
2mρ2Hˆθ
~2
= − 1
cosN−2 θ sin2N−3 θ
∂
∂θ
cosN−2 θ sin2N−3 θ
∂
∂θ
+ρ4
(
1
b4z
− 1
b4⊥
)
cos2 θ . (E.3)
Here TˆΩ is the angular kineti energy operator whih is negleted later when
there is no dependeny on the internal angles. The ground state total wave
funtion is known to be
Ψ
total
=
N∏
i=1
exp
(
− r
2
i,z
2b2z
− r
2
i,⊥
2b2⊥
)
, (E.4)
with bq ≡
√
~/(mωq). We hange to the oordinates {ρ, θ} given by ρz = ρ cos θ
and ρ⊥ = ρ sin θ, see appendix A.3, and obtain the wave funtion
Ψ
total
= exp
(
− NR
2
z
2b2z
− NR
2
⊥
2b2⊥
)
F (ρ, θ) , (E.5)
F (ρ, θ) = exp
(
− ρ
2
2b2⊥
)
exp
[
− ρ2 cos2 θ
(
1
2b2z
− 1
2b2⊥
)]
. (E.6)
We write the Shrödinger equation and integrate over the oordinate θ as follows:
0 =
∫
dθ Ωθ(θ)F
∗(ρ, θ)
(
Hˆρ + Hˆθ − E
)
F (ρ, θ) , (E.7)
Ωθ(θ) ≡ cosN−2 sin2N−3 θ . (E.8)
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Doing this we end up with terms only depending on ρ. Inluding formally the
integration over hyperradius, but without ompleting it, we get
0 =
∫
dρ ρ3(N−1)−1
∫
dθ Ωθ(θ)F
∗(ρ, θ)
(
Hˆρ + Hˆθ − E
)
F (ρ, θ)
=
∫
dρ ρ3(N−1)−1B(ρ)
[
− E + ~
2
2m
(N − 1)(2C⊥ + Cz)
]
, (E.9)
B(ρ) ≡ Γ(a)Γ(2a)
2Γ(3a)
e−C⊥ρ
2M
(
a, 3a,−∆1ρ2
)
, a ≡ N − 1
2
, (E.10)
where M(a, b, z) is the Kummer funtion, i.e. idential to the onuent hyper-
geometri funtion 1F1(a, b, z) [AS65℄, Cq ≡ 1/b2q, and ∆1 ≡ Cz −C⊥. Further-
more, it is lear that
E =
~
2
2m
(N − 1)(2C⊥ + Cz) = ~ω⊥(N − 1) + 1
2
~ωz(N − 1) . (E.11)
We desire to write an eetive d-dimensional Hamiltonian as
Hˆd =
~
2
2m
[
− 1
ρd(N−1)−1
∂
∂ρ
ρd(N−1)−1
∂
∂ρ
+
ρ2
b4d
]
(E.12)
with an eetive dimension d and a general length sale bd. The normalization
of the orresponding d-dimensional Shrödinger equation, with eigenvalue Ed,
is ∫
dρ ρd(N−1)−1G∗d(ρ)
(
Hˆd − Ed
)
Gd(ρ) = 0 , (E.13)
where Gd is a d-dimensional wave funtion. We want to approximate the orret
equation (E.9) by this equation. From the two normalizations we identify the
d-dimensional wave funtion Gd by the relation
ρ3(N−1)−1B(ρ) = ρd(N−1)−1|Gd(ρ)|2 . (E.14)
Using this in equation (E.13) we obtain
0 =
∫
dρ ρd(N−1)−1G∗d(ρ)
(
Hˆd − Ed
)
Gd(ρ) (E.15)
=
∫
dρ ρ3(N−1)−1B(ρ)
{
− Ed + ~
2
2m
[
(N − 1)(2C⊥ + Cz) + v(ρ2)
]}
,
v(x) ≡ −x(C2z − C2d)−
1
x
(3 − d)a[a(3 + d)− 2]
+
4
3
C⊥∆1xµ(−∆1x) + 4
9
∆21xµ
2(−∆1x) , (E.16)
µ(z) ≡ M(a, 3a+ 1, z)M(a, 3a, z) . (E.17)
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If we subtrat equation (E.15) from equation (E.9) we get∫
dρ ρ3(N−1)−1B(ρ)
[
E − Ed + ~
2
2m
v(ρ2)
]
= 0 . (E.18)
We are now in a position to study the three limits i) spherial (bz = b⊥), ii)
two-dimensional (b⊥ ≫ bz), iii) one-dimensional (bz ≫ b⊥).
When the external trap is spherially symmetri, i.e. bz = b⊥, we have
Cz = C⊥, ∆1 = 0, and µ(0) = 1. This yields
v(ρ2) = −ρ2(C2z − C2d)−
a
ρ2
(3− d)[a(3 + d)− 2] . (E.19)
The braket of equation (E.18) is zero for all hyperradii when three onditions
are true:
Ed = E =
~
2
2m
(N − 1)(2C⊥ + Cz) = 3
2
~ω(N − 1) , (E.20)
Cd = Cz ⇐⇒ bd = bz = b⊥ , d = 3 . (E.21)
E is the ground state energy minus the entre-of-mass energy for N idential
non-interating partiles of massm in a three-dimensional osillator of frequeny
ω.
The two-dimensional geometry ours when the external trap is squeezed
along the r-plane suh that b⊥ ≫ bz. This leads to Cz ≫ C⊥ and ∆1 =
Cz − C⊥ ≃ Cz > 0. In this ase the hyperradius is determined by the radial
trap length, i.e. ρ ∼ √Nb⊥, whih implies that typially −∆1ρ2 ∼ −NCzb2⊥ =
−NCz/C⊥ → −∞. We therefore need the limit of µ(z) when z → −∞:
µ(z) ≃ 3
2
(
1 +
a
z
+
2a2 − a
z2
)
. (E.22)
This leads to
v(ρ2) ≃ −2aCz − ρ2(C2⊥ − C2d)−
a
ρ2
(2− d)[a(2 + d)− 2] . (E.23)
The braket of equation (E.18) beomes to order ρ−2
E − Ed + ~
2
2m
{
− 2aCz − ρ2(C2⊥ − C2d)−
a
ρ2
(2 − d)[a(2 + d)− 2]
}
. (E.24)
This is zero for all hyperradii when
Ed = E − ~
2
2m
2aCz =
~
2
2m
(N − 1)2C⊥ = ~ω⊥(N − 1) , (E.25)
Cd = C⊥ ⇐⇒ bd = b⊥ , d = 2 . (E.26)
The system is eetively one-dimensional when the external trap is squeezed
along the z-axis suh that bz ≫ b⊥. This leads to C⊥ ≫ Cz and∆1 = Cz−C⊥ ≃
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−C⊥ < 0. In this ase the hyperradius is determined by the axial trap length,
i.e. ρ ∼ √Nbz, whih implies that typially −∆1ρ2 ∼ NC⊥b2z = NC⊥/Cz →
+∞. We therefore need the limit of µ(z) when z → +∞:
µ(z) ≃ 3a
z
(
1− a− 1
z
)
. (E.27)
This leads to
v(ρ2) ≃ −4aC⊥ − ρ2(C2z − C2d)−
a
ρ2
(1− d)[a(1 + d)− 2] . (E.28)
The braket of equation (E.18) beomes to order ρ−2
E − Ed + ~
2
2m
{
− 4aC⊥ − ρ2(C2z − C2d)−
a
ρ2
(1− d)[a(1 + d)− 2]
}
. (E.29)
This is zero for all hyperradii when
Ed = E − ~
2
2m
4aC⊥ =
~
2
2m
(N − 1)Cz = 1
2
~ωz(N − 1) , (E.30)
Cd = Cz ⇐⇒ bd = bz , d = 1 . (E.31)
The results are olleted in table E.1. In all three ases the energy is given
limit spherial oblate prolate
ondition bz ≃ b⊥ b⊥ ≫ bz bz ≫ b⊥
z = −∆1ρ2 0 −∞ +∞
µ(z) 1 32 (1 +
a
z +
2a2−a
z2 )
3a
z (1− a−1z )
Ed/(N − 1) 32~ω ~ω⊥ 12~ωz
bd bz ≃ b⊥ b⊥ bz
d 3 2 1
Table E.1: The (typial) values of z, µ(z), Ed, bd, and d in the three limits:
spherial, oblate, and prolate.
by
Ed =
d
2
~ωd(N − 1) , ωd ≡ ~
mb2d
. (E.32)
In the general ase, when we annot assume bz = b⊥ or bz ≫ b⊥ or bz ≪ b⊥,
it is not possible to obtain a simple expansion in ρ of the braket in equa-
tion (E.18). Instead we study the integrated equation.
We resale the equation in a onvenient length sale b0 given by
b20 ≡ 2b2⊥ + b2z . (E.33)
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In the three speial limits we found that Ed = ~
2ad/(mb2d) and b
2
d = b
2
0/d. We
therefore introdue the parameters ed and βd given by
Ed ≡ ~
2aed
mb20
, βd ≡ b
2
0
b2d
. (E.34)
This leads from equation (E.18) to the integrated equation
0 = ed − 1
2
β2d + g(d)f1(β) − f2(β) , f1(β) ≡ a2I[x−2] , (E.35)
f2(β) ≡ 2βr + βz − 1
2
β2z +
4
3
βr(βz − βr)I{x2µ[x2(βr − βz)]}
+
4
9
(βz − βr)2I{x2µ2[x2(βr − βz)]} , (E.36)
g(d) ≡ (3 − d)(3 + d− 2/a) , (E.37)
β ≡ b
2
⊥
b2z
, βr ≡ b
2
0
b2⊥
= 2 +
1
β
, βz ≡ b
2
0
b2z
=
2
β
+ 1 , (E.38)
I[f(x)] ≡ β
a
zβ
2a
r
aΓ(3a)
∫ ∞
0
dx x6a−1 exp(−βrx2)
×M
[
a, 3a, x2(βr − βz)
]
f(x) . (E.39)
If we use the expetations that
ed = d
2(1 + ε) , βd = d(β + δ)
1/2 , ε≪ 1 , δ ≪ 1 (E.40)
we get that
Ad2 + Bd+ C = 0 , A ≡ 1/2 + ε− δ/2− f1(β) , (E.41)
B ≡ 2f1(β)/a , C ≡ (9 − 6/a)f1(β)− f2(β) . (E.42)
If we demand only one solution, i.e. B2 − 4AC = 0, we get
d = − B
2A = −
2C
B . (E.43)
The results for various N -values are shown in gure 7.4.
Furthermore, we hek that ε− δ/2 is small (< 10−2) so the approximations
in equation (E.40) are valid. The onlusion is that generally we an use Ed =
~
2ad/(mb2d) and b
2
d = b
2
0/d as the relevant energy and length sales, respetively,
with d given by gure 7.4.
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ad d-dimensional interation parameter 7
a
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b
t
trap length 2-7
bd, bq, bx, by, bz, b⊥ trap lengths 4,7
d spatial dimension 7
d
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E,En total relative energy 2,4-7
E
total
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E(2) two-body energy 3
Ed energy in d dimensions 7
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ed hyperradial wave funtion 2,4,7
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tion 2,4,7
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